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Estimation of Fourier Transform Using Alias-
free Hybrid-Stratified Sampling

Andrzej Tarczynski, Member, IEEE, and Bashar I. Ahmad, Member, IEEE

Abstract— This paper proposes a novel method of estimating
the Fourier Transform (FT) of deterministic, continuous-time
signals, from a finite number N of their samples taken from a
fixed-length observation window. It uses alias-free hybrid-
stratified sampling to probe the processed signal at a mixture of
deterministic and random time instants. The FT estimator,
specifically designed to work with this sampling scheme, is
unbiased, consistent and fast converging. It is shown that if the
processed signal has continuous third derivative, then the
estimator’s rate of uniform convergence in mean square is N(-5).
Therefore, in terms of frequency-independent upper bounds on
the FT estimation error, the proposed approach significantly
outperforms existing estimators that utilize alias-free sampling,
such as total random, stratified sampling, and antithetical
stratified whose rate of uniform convergence is N~(-1). It is proven
here that N/(-1) is a guaranteed minimum rate for all stratified-
sampling-based estimators satisfying four weak conditions
formulated in this paper. Owing to the alias-free nature of the
sampling scheme, no constraints are imposed on the spectral
support of the processed signal or the frequency ranges for which
the Fourier Transform is estimated.

Index Terms— Fourier transform estimation, nonuniform
sampling, alias-free sampling, stratified sampling, uniform
convergence, digital alias-free signal processing

I. INTRODUCTION

STIMATING the Fourier Transform (FT) from samples of

the real-valued signal x(t) is an important task with

applications in various areas of science and technology,
including astronomy [1], seismology [2], biomedical sciences
[3], NMR spectroscopy [4], and wireless communications
where, for example, FT estimation is used for wideband
spectrum sensing in cognitive radio networks [5] - [6]. When
operating on sampled data, there is a possibility that the class of
processed signals contains subsets within which all signals have
identical discrete-time counterparts. This gives rise to the
aliasing phenomenon and ambiguity in solving many DSP
problems, including FT estimation. A standard way of avoiding
aliasing is to considerably restrict the class of acquired signals
and choose a sampling scheme that allows telling apart all the
signals within that class.

Copyright © 2015 IEEE. Personal use of this material is permitted.
However, permission to use this material for any other purposes must be
obtained from the IEEE by sending a request to pubs-permissions@ieee.org.

A. Tarczynski is with the Faculty of Science and Technology, University of
Westminster, 115 New Cavendish Street, London, W1W 6UW, UK (email:
tarczya@wmin.ac.uk).

Let F be the spectral support of the signal x(t), and F, its
single-sided spectral support, where F c R, F, c R,, R =
(—o0,),and R, = [0, ). Then, [F] and [F,] are the signal's
spectral span and single-sided spectral span, i.e. the shortest
intervals containing F and F,, respectively. We denote by
M (-) the Lebesgue measure of a set. To avoid aliasing when
using uniform sampling, it suffices to select the sampling
frequency f; above the Nyquist rate fy = M ([FD): fs > fu-
However, this popular solution could be inefficient unless x(t)
is a baseband signal with known spectral support. An
alternative way of selecting a uniform sampling rate is to use
bandpass sampling [7], which exploits the fact that there exist

uniform sampling rates fs € (fzmins fomax |, Where fzmin =
2M([F]D) and fgmax = 4M ([F,]), which do not cause
aliasing. If the processed signals are bandpass, these rates could
be significantly lower than fy. The theoretically lowest
sampling rate that allows perfect signal reconstruction is the
Landau rate f;, = M (F) [8]. However, apart from some simple
cases, such as processing lowpass signals, it is impossible to
avoid aliasing while sampling signals uniformly at that rate.
The solution is to deploy nonuniform sampling. For example,
periodic nonuniform sampling was successfully used to sample
multiband signals at rates arbitrarily close to f;, without the
adverse effects of the aliasing phenomenon [9].

When the spectral support F is unknown, and instead its
conservative approximation F: F > F such that r =
M(T)/M(f) « 1, has to be used to design the sampling
scheme, the resultant sampling rates are likely to be excessive
comparing to f;; typically by a factor of r~1. Examples of such
scenarios include instrumentation (e.g. when multiband signals
with unknown central frequencies are acquired, as in spectrum
analyzers), astronomy (e.g. detecting unknown periodic signals
hidden in noise) and communication systems (e.g. wideband
spectrum sensing). However, if an upper bound , of the ratio r
is known and r < r,, < 1 then the approaches, such as universal
sampling [10] or compressed sensing [11], [12] and [13], offer
solutions with sampling rates slightly exceeding fy,, =1, X
M (F). Another way of avoiding aliasing, while maintaining
low sampling rates, emerges when signals are constrained in a
domain other than frequency. Examples include signals with
finite rate of innovation [14] where the sampling rate is linked
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to the rate of innovation, rather than the spectral support of the
signal. Nevertheless, the methodologies described in [10]- [14]
entail devising specialized processing algorithms that use
advanced, and computationally or numerically demanding
optimization techniques to determine the original continuous-
time waveform or its specific properties, such as FT.

Interesting opportunities arise when the signals are sampled
at random rather than deterministic time instants. In such cases,
regardless of the nature of the original continuous-time signal
(random or deterministic), the sampled signals are always
random. Random sampling can be arranged in a way that
different continuous-time signals always have their random,
discrete-time counterparts distinct. Such sampling schemes are
called alias-free, since they circumvent the reason of aliasing —
a possibility that the same discrete-time signal can be obtained
by sampling different continuous-time originals. Since alias-
free sampling does not rely on knowledge of F, it can be used
when F is unknown or when this set is fuzzy, i.e. there are no
crisp borders between F and its complement R —F. For
example, when a signal x(t) is observed over a finite-duration
window, its spectrum is never perfectly confined to finite
frequency bands.

The use of alias-free sampling was first proposed in [15] and
applied to estimating the power spectrum of random stationary
signals. This notion was then revisited in various studies, e.g.
[16], [17], and extended to the analysis of other classes of
signals, and to target different signal processing objectives. The
domain of signal processing that exploits alias-free sampling
became known as Digital Alias-free Signal Processing (DASP).
Few monographs devoted to the use of nonuniform sampling,
e.g. [18] and [19], discuss selected issues of random sampling
and alias-free signal processing, whilst [20] addresses DASP
directly. A review of DASP estimators of FT can be found in
[21], whereas [22] provides a general study of spectral analyses
from irregularly sampled data. With aliasing being no longer a
concern in DASP, the focus is shifted towards furnishing
efficient estimators of the required features of the signal and
establishing statistical accuracy as well as relevant properties of
the results. The challenge is that these goals normally need to
be achieved using a single realization of the random discrete-
time signal, thus, when the accessible information about the
signal is very limited.

This paper introduces a novel DASP method of Fourier
transform estimation. The estimation is performed using N
signal samples taken from a finite duration observation
window. The approach proposed here, named Hybrid Stratified
(HySt), isdirectly linked to the work in [23], [24], [25] and [26].
We demonstrate that the HySt estimator is unbiased, consistent
and it uniformly converges in mean square much faster than its
predecessors, namely the Total Random Sampling (ToRa) [23],
[24], Stratified Sampling (StSa) [25] and Antithetical Stratified
Sampling (AnSt) [26] estimators. It is reported in [25] that both
pointwise and the uniform convergence rate of ToRa is exactly
N~1. In the case of StSa and AnSt, N~ was given as a lower
band of uniform convergence rate [25], [26], even though their
pointwise convergence rates are as fast as N 3 for StSaand N ~5
for AnSt. In this paper we produce new results that could be
summarized as follows:

(a) The uniform convergence rate of N~1 is a guaranteed
minimum for all FT estimators that use stratified sampling and
satisfy mild assumptions of Theorem 1 presented in Section II.
We demonstrate that these assumptions are satisfied by StSa,
AnSt and HySt methods.

(b) The uniform convergence rate of StSa and AnSt
estimators does not exceed N~1. Hence, their rate of uniform
convergence is exactly N1,

(c) The HySt estimator is unbiased, consistent and it
uniformly converges in mean square at the rate N~5. Thus, this
rate is significantly faster than N~ - the minimum rate
guaranteed by Theorem 1 and the actual uniform convergence
rate of the existing DASP FT estimators, namely ToRa, StSa
and AnSt.

(d) The pointwise convergence rate of the HySt estimator is
N~5, By this measure, the HySt estimator outperforms ToRa
and StSa, and matches the performance of AnSt.

We note that there is no difference between the pointwise and
uniform convergence rates for ToRa (N~1) and HySt (N~5)
methods, whereas StSa and AnSt are characterized by slow
uniform and much faster pointwise convergence rates.
Consequently, the FT estimation errors show different behavior
for these two pairs of approaches. More specifically we
demonstrate that

(e) The relation between the number of collected samples N
and the FT estimation error for ToRa and HySt is hardly
affected by the frequency for which the FT is estimated.

(f) In the case of the StSa and AnSt, the observed estimation
errors at individual frequencies converge slowly (at the rate of
N~1) when N is small. Once N passes a critical threshold, this
rate accelerates to N =3 and N ~°, respectively. These thresholds,
however, depend on the frequency for which the FT is
estimated. The higher the frequency the more samples are
needed to trigger the faster convergence.

The side-effect of the observations (d) - (f) above is that the
performances of AnSt and the proposed HySt method are
similar to each other when the FT is estimated at low
frequencies. The advantage of HySt over AnSt becomes visible,
and then grows when the estimation of the FT is shifted towards
higher frequencies.

The work on the HySt approach has been motivated by the
need of constructing low-cost wideband FT estimators that use
a small number of signal samples and avoid computationally-
expensive processing algorithms. The approaches with fast
uniform convergence and simple algorithms, such as proposed
HySt technique are good candidates for this role. Potential
application areas include, but are not limited, to the domains
mentioned in the first paragraph of this introduction. For
example, taking measurements for FT analyses in NMR
spectroscopy is a costly and relatively lengthy process. In areas
such as biochemistry, the time available for collecting all NMR
data is limited if the tested molecules, e.g. certain proteins,
maintain their properties for a short period. In this case,
reducing N can be a technological and/or economic necessity.
Similarly, reducing the number of collected samples can result
in significant cost savings in astronomy or seismology. In
wideband FT-based spectrum sensing for cognitive radio
networks, it is a challenge to maintain low sampling rates
without knowing the extent of the monitored signals’ spectral



support. DASP-type sensing methods do not require such prior
information, that is often unavailable [6], and can provide a
simple low-complexity, yet effective, low-sampling-rates
solutions [27]. In applications, where data is stored before being
processed, collecting less measurements reduces the memory
requirements; and therefore can be used instead or in
conjunction with compression techniques such as Huffman
coding.

The remainder of the paper is organized as follows. In
Section 11, the problem of FT estimation is formulated. Section
I11 overviews the existing DASP estimators of FT and provides
new results on their properties. It is proven there that the rate of
uniform convergence of StSa and AnSt estimators is exactly
N~1. Theorem 1 formulates sufficient conditions under which
DASP estimators uniformly converge at least at that rate. The
proposed hybrid-stratified estimator is introduced and its
features are explored in Section 1V; it is proven that its uniform
and pointwise convergence rates in mean square are N~°.
Numerical simulations in Section V are used to compare the
performance of the HySt approach and its DASP predecessors.
Final remarks are stated and conclusions are drawn in Section
VI.

Il.PROBLEM FORMULATION

Our objective is to estimate the FT X(f) of a deterministic,
continuous-time, real-valued signal x(t) truncated to the
interval 7 = [0, H], using a finite number N of its samples. The
target FT is defined by

X(f) = f x(t)w(t)e /2™ tde, (1)
T

where the character = denotes that the quantity on its left-hand
side is defined by the expression on the right side. The
windowing function w(t), bounded by 0 < w(t) <1 fort €
T, is used to taper x(t) and keep X (f) smoothed. More details
on how different shapes of w(t) affect the spectrum (1) can be
found in [28] and [29]. The range of frequencies for which X (f)
is estimated is arbitrary. No assumptions are made about the
signal’s spectral support.
HySt approach tackles this FT estimation problem by using
alias-free sampling and devising a suitable unbiased estimator.
The quality of estimation is measured by the mean square error

- N 2

Ermy(f) 2 E{|%y(H) = X (N}, @
where X, (f) denotes the FT estimator constructed from N
samples of the signal x(t). For unbiased estimators Erry (f) is

identical with the variance of the estimator o2{Xy(f)}. In
relation to (1), we denote

At, f) = w(t)e 127/t 3)
Xy, (t) = x(Ow(t). 4
We also define:
Xk,max = Stlelgr_’lx(k) (t)', (5)
Ak,max(f) = Stlelgpll(k) (t, f)lr (6)

where x® (t) and A%9(¢, f) denote k" derivatives of x(t)
and A(t, f) with respect to time t. Assuming that w(t) = 1 for
some t € T, which is true for all commonly used windowing
functions, it is noted that

Ao,max(f) =1 (7)

Common notation used here is summarized in Table I. Any
departure from it is explained in the paper.

TABLE |
NOTATION

x(t) Analyzed continuous-time signal
X(f) Fourier transform of x(t)
w(t) Windowing function

T A finite-duration observation window

H Length of T

N Number of processed samples

XAN (f)’ XATaRa,N (Af)’ XAStSa,N (f)!

FT estimates from N samples
XAnSt,N (f)v XHySt,N (f) p

E{X} Expected value of random variable X
o?{X} Variance of random variable X
Erry(f) Mean square estimation error
T, OF Ty Random sampling instants
Ly Number of strata
Ay, Length of the I*" stratum
tn Edges of strata
T, The I** stratum given by [ty 1, t 141 ]
gy Centre of the It stratum
g(®) Stratifying function
In.(f) FT of the x(t) truncated to Ty,
In.(f) Estimate of Iy,

I1l. OVERVIEW OF ALIAS-FREE FT ESTIMATORS

One of the early DASP estimators of FT is ToRa [23] - [24].
ToRa uses samples of x(t) collected at time instants t,, € T,
n=20,..,N—1 that are 1ID random variables with the
Probability Density Function (PDF) frorq(t). The estimator
defined by XToRa,N(f) =N"1 g;& x(Tn) A(Tn' f)/fToRa (Tn)
is unbiased for any N or f, i.e. E{Xroran ()} = X(f). Its
variance  is  0%{Xropan (f)} = N71020paiim(f)  Where

O-%oRa,lim(f) = fT xvzv(T)/fToRa(T) dr — |X(f)|2

0Foraum(f) < . %% (0)/ frora(r) dz, where the right hand
side does not depend on frequency, we note that X7oren(f)
uniformly converges in mean square to X (f) at rate N~1. ToRa
estimation method does not impose any significant constraints
on the signal x(t) or windowing function w(t). The above
results hold as long as the integral (1) exists.

Two improvements to ToRa, namely StSa and AnSt, have
been proposed in [25] and [26]. They rely on stratification of
the interval 7. In the following subsections, we explore some
of the properties of FT estimators that use stratification and
demonstrate how these relate to StSa and AnSt.

Since

A. Stratification in FT Estimation

Stratification entails selecting Ly + 1 time instants: 0 =
tno < tyg <+ <tyy, = H anddefining Ly strata by

TN,l = [tN,l' tN,l+1]' l = 0, ""LN - 1 (8)
The [t" stratum has the length
Ay =ty — tag 9)



and its center point is

oy = (tN,l+1 + tN,l)/Z' (10)
The FT (1) can be expressed by
Ly-1
X = > ) GED
where )
Iy, (f) = f x(O)w(t)e /2 tdt. (12)

TNt
The estimator Xy (f) of X(f) is constructed as a sum of the Ly
estimators Iy ,(f) of Iy, (f)
Ly-1

@@—Zmﬁ>

In this paper, the strata are created with use of a stratifying
function g(t). This function is continuous on 7', and separated
from 0 bY gimin

(13)

g(t) = Imin > 0. (14)
Its average value on T is one, i.e.
H—lf g(tdt = 1. (15)

T
The boundaries ty;, L =0, ...,

equation

Ly are solutions to the following

Iyl

j g()dt =

0
This stratification is equivalent to that proposed in [25] and
[26]. We note that the PDF h(t) used in [25] and [26] is related
to the stratifying function g(t) by g(t) = H x h(t).
It follows from (16) that fTng(t)dt = LytH.Since g(t) is
continuous, the mean value theorem implies the existence of
tn; € Ty, such that

(16)

1 H

Ay i=——+.

v g(tni) Ly

This in turn implies that the lengths of strata are upper-bounded
by

a7

1 H (18)
Imin LN.
Theorem 1 below provides sufficient conditions under which
the estimator (13) is guaranteed to uniformly converge in mean
square to X (f) at the rate N~ or faster. Let D,, c T be the set
of time instants at which the signal x(t) is sampled and Dy;
Dy be a subset containing those sampling instants that are used
to calculate [y ,(f). The subsets Dy, may or may not overlap
each other.
Theorem 1: Suppose that each Iy ,(f) used in (13) is a linear
combination of S samples of the signal x(t), i.e. each Dy,
contains exactly S time instants, denoted by Ty;4, Ty,2,

..»Tys- Hence,

Ay, <

N

Iv,() = z an i (F)x(Tyr),

r=1

(19)

where ay; (), I =1,...,Ly, r = 1,..., S are the estimator’s
multipiers whose values are selected appropriately to the
method used for FT estimation.

If

(A1) Estimator Xy(f) is unbiased, i.e. E{Xy()}=
X(F); .

(A.2) Estimators Iy,(f),l=1,..,Ly are independent
from each other;

(A.3) There exist A,,r =1,...,S, such that for any [, r
and f, we have |ay,,(f)| < Ay

(A.4) There exists D > 0 independent of N such that

AL, < NTID.
Then there eX|st5 B > 0 independent of N such that for any f:
Erry(f) < N7'B. (20)
Proof of Theorem 1: According to assumption (A.1), the
estimator Xy (f) is unbiased. Hence, Erry (f) = o2{Xy(f)}. It
follows from (13) and assumption (A.2) that Erry(f) =

Yt oIy, (f)}. Given (19) and that o2{fy,(f)} <
E{|lv.(HI}, we conclude: Erry(f) <

LN 'E {|INl(f)| } LN 'E {|ZS 1a1vlr(f)x('f1vlr)| }

LN "E{(z5 |aNrm(f>Hx(rNrr)D L By (® and
assumptrons (A3) and (A4) we obtain: Erry(f) <
Xmax LiNt A% BS_ A2, which  leads to  Erry(f) <

N7'xZ¢ 0D Y5-1 A2 Therefore, B = x§ ,0.D Y5-1 AZ, Which
completes the proof of Theorem 1.

Theorem 1 reveals potential flexibilities when using
stratification. The assumptions of this theorem could be
satisfied even when not all sampling instants are chosen in a
random manner, or some signal samples x(z,) are used to
calculate more than one Iy,(f). These possibilities are
exploited in the proposed HySt approach. It is noted that the
convergence rate of an estimator satisfying Theorem 1 could be
faster than N 1. Such accelerated convergences may or may not
be uniform. Lemma 1 below formulates a sufficient condition
of assumption (A.4) of Theorem 1.

Lemma 1: If the strata borders ¢;,l =0, ..., Ly satisfy (16), and
the number of samples N and strata L, are related by

N =vly + @,
where v > 1and @ > 0; then 3}V,

(v + @) H?/ gZin-

(21)
A}, <N7'D,where D =

Proof of Lemma 1: Since Ly = 1, it follows from (21) that
N is lower-bounded by: N > v + @w. Additionally, we have

V=v/(N-w)=N1v/(1-w@N™1). Thus, Ly<
-1 v _oar—1 . .
P —— N~'(v + @). The latter identity and (18)

lead to: INUAY S Ly H?/ghm S N7'(v +
@) H? /g% = N71D, where D = (v + @) H?/ g2, , Which

completes the proof of Lemma 1.

The three stratified approaches StSa, AnSt and HySt
considered here use stratification strategies defined by (16) and,
as shown in this paper, they satisfy (21). Therefore, Lemma 1
is used to prove that assumption (A.4) of Theorem 1 holds for
StSa, AnSt and HySt schemes.



B. StSa Estimation of Fourier Transform

In StSa FT estimation [25], the sampling instants are
independent random variables distributed one per stratum, i.e.
N = Ly. This satisfies (21) and thereby assumption (A.4) of
Theorem 1. The PDF of the I*" sampling instant 7y ; is

_ A;]’Il 1fT € TN,I
fStSa,N,z(T) = { 0 ifr ey, (22)
The StSa estimator Iy ;(f) of Iy ,(f) is given by
iN,l f) = AN,lx(TN,l)A(TN,l'f): (23)

which means that S defined in assumption (A.3) of Theorem 1
is S=1. The FT estimator is given by Xgsan(f) =
S Ay A(Twy, f)x(Tyy). According to [25], Xsesan () is
unbiased. Since Ty, are independent from each other and
consequently Iy ,(f) are also independent, StSa satisfies
assumptions (A.1) and (A.2) of Theorem 1. To confirm (A.3),
we deploy (7), (19) and (23) and note that ay;,(f) =
Ay A(tyy f). This leads to |ay,1(F)| = An|A(za )| <
Ay ;. Since the StSa estimator satisfies all four assumptions of
Theorem 1, its uniform convergence rate is at least N 1.
Corollary 1 below asserts that N ~* is the fastest rate at which
the StSa estimator can be guaranteed to uniformly converge in
mean square. Let P, be the set of all rates at which the StSa
estimator can be guaranteed to uniformly converge to X(f). In
other words, it contains all real numbers p > 0 that for any
signal x(t), weighting function w(t) and stratifying function
g(t) there exists B > 0 such that for any N and frequency f:
0*{Zsesan ()} < N7PB. (24)

Corollary 1: Ps;s, = (0,1]

Proof of Corollary 1: if p € Ps.s,, then for any p; € (0,p)
and for any frequency f we have: 02{Xssqn(f)} < NPB <
N~P1B, hence, p; € Pg;5,- Following this observation and the
fact that Theorem 1 stipulates that 1 € Pg.5,, We note that
(0,1] © Pg5,. To complete the proof, it suffices to present an
example of a signal x(t), functions w(t) and g(t) where for
any B and p > 1, there exist N and f such that (24) does not
hold. Let H =1 and x(t) = w(t) = g(t) = 1. Hence the
length of each stratum is Ay, = N~*. We note that Iy ;(f) =
N~1sinc(f/N) exp(—j2nfcy,) and its StSa estimate is
Iy, (f) = N'exp(—j2mfTy)). Thus, oIy, (N} =
E{|iv (D1} = [vu(HI° = N2[1 = sinc?(f/N)] ~ and
0*{Zsesan ()} = No*{Iy ()} = N7[1 = sinc*(f/N)]. For
given B and p > 1, we select any N that satisfies N > VB
and frequency f = N. In this case, 02{Xs;san(f)} = N7* and
NPB < NPNP = N1 = 03{Xg50n(H)}- Therefore,
02{Xstsan ()} > N7PB, implying that if p > 1, then p ¢
Ps:sq- This completes the proof of Corollary 1.

It is shown in [25] that if the derivative of x,,(t) is
continuous, then at individual frequencies the convergence rate
of the StSa estimator can be as fast as N~3. Specifically, for
each frequency f, the following holds:

1\1,1_1;20 NBUZ{XAStSa,N(f)} = O-SztSa,lim (f)’ where O-SZtSa,lim(f) =

Asesaf? + Bstsar  Asesa = H3m? fT xy()/3g%()dt, and

Bsisa = H? [, [x&,l)(t)]z/lzg3(t) dt. We show here that in
order to observe this accelerated convergence, the number of
samples N that have to be collected increases with frequency f.
The proof is by contradiction. Let’s assume that opposite is true,
i.e. for any € > 0, there exists N, such that forany N > N, and
frequency f: |0disqum () = N30 {Zsesan (N} < e If this
was true, we would have: 62, jim () < N§0?{Xsrsan, ()} +
e forany N > N, and f. However, it follows from Theorem 1
that  o*{Xsrsqn, ()} < Ng'B. Therefore, 0&gqum(f) <
N¢B + ¢, and consequently for any f: Agsef? + Bsesa <
NZB + ¢. Since the left hand side of the last expression goes to
infinity when f — oo, this relation cannot hold for all f
regardless of how N, was selected. This confirms that, in
general, in order to observe the accelerated convergence, the
number of collected samples N, has to increase with f.

C. AnSt Fourier Transform Estimates

In the AnSt approach [26], two samples of x(t) are collected
in each stratum, i.e. N = 2Ly, which conforms with (21) and
satisfies assumption (A.4) of Theorem 1. The first sample is
selected randomly in the same way as for StSa. The second one
is taken in an antithetical manner, i.e. if the first sampling time
in the [*" stratum is Ty ,;, the second one is Ty 541 = 2cy; —
Ty 2. The estimators of Iy ;(f) are

iN,l(f) = O'SAN,I[A(TN,thf)x(TN,Zl)

+ Aty 2001 F)x(Th2041) |-
Consequently, the antithetical stratified FT estimator of X(f) is
given by Xuusen(f) = 0.5 %0 Ay [A(ty 20 f)x(twz0) +
A(tn 2141 F)x (T 2041)] 1tis shown in [26] that Xy,sen (F) is
unbiased. Hence, assumption (A.1) is satisfied. Since for [ # k,
the pair of random time instants (T ;, Ty 2141) IS Statistically
independent from (Ty 2k, Ty 2xc41), @SSUMption (A.2) also holds.
Additionally, it follows from (19), (25) and (7) that S = 2,

|a1v,z,1(f)| = O'SAN,1|/1(TN,Zl'f)| < 0.5Ay,, and |aN,l,2(f)| =
0.5051|A(Tn 2141, f)| < 0.54y,, confirming that (A.3) of
Theorem 1 is fulfilled with A; = A, = 0.5. Thus, according to
Theorem 1 the AnSt estimator uniformly converges in mean
square to X (f) at least at rate N1 .

Similarly to the StSa case, we show that the uniform
convergence rate of AnSt estimation is exactly N~1. This is
formally stated by Corollary 2. Let P,,,s; be the set of all rates
at which the AnSt estimator can be guaranteed to uniformly
converge to X(f), i.e. a collection of all real numbers p > 0
that for any signal x(t), weighting function w(t) and stratifying
function g(t) there exists B > 0 such that for any N and
frequency f:

UZ{XAnSt,N(f)} < N7PB, p € Pupst-

(25)

(26)

Corollary 2: Pynse = (0,1]

Proof of Corollary 2: By repeating the initial steps of the
proof of Corollary 1, with the relevant changes, we can show
that (0, 1] © Py4,.s:. To complete the proof it suffices to present
an example of a signal x(t) and functions w(t) and g(t) where
forany B and p > 1, there exist N and f such that (26) does not
hold. Again, we use: H =1 and x(t) = w(t) = g(t) =1,
hence Ay, =N71 and Iy, (f) =



N~tsinc(f/N) exp(—j2mfcy,). However, the AnSt estimate
of In,(f) is Iy,(f) = N"texp(—j2nfcy,) cos (Zﬂf(Cn -
Twz) ). Hence, E{|ly, (N[} = N2[05 + 0.5 sinc(2f/N)].
Using |I,\,‘l(f)|2 = N~2sinc?(f/N), we attain: o2{l ,(f)} =
E{ll. (NI} = [va(H|” = N2[0.5 + 0.5 sinc(2f /N) -
sinc?(f /N)]. Taking into account that o2{X,,s.y(f)} is the
sum of Ly=N/2 components, o*{Iy,(f)}, we get
02 {Runsen(F)} = N71[0.25 + 0.25 sinc(2f /N) —
0.5sinc?(f/N)]. For a given B and p > 1, we select any N
satisfying N > P"V4B and choose frequency f = N. This leads
to 03 Xunsen(f)} = 0.25N71. We also note that N™PB <
0.25NP7IN"P = 0.25N ! = 03{Xnsen(f)}.  Subsequently,
02{Xynsen (F)} > N7PB, which means that if p > 1 then p &
Panse- This finalizes the proof of Corollary 2.

It has been shown in [26] that if x,, (t) has continuous second
derivative, the AnSt estimator can converge as fast as N> at
individual frequencies. Specifically, for a given frequency f,
the following holds: I\IIEQONSGZ{XAnSt,N(f)} = 02use1im ()

where 07,5 1im (f) = Aansef* + Bansef? + Canse

32 x5 (t)
AATlSt = EHSH-4 fT W_dt

g5() ’2
@ @
8 2[xy (©] -2 (©x0 ()
BAnSt = EHST[Z fT kit gs(:; dt, and CATLSf =

@ ]?
42_5H5 S [XZSE;)] dt. Similarly to the StSa case, for this
accelerated convergence be observed the number of processed
samples N must generally increase with frequency f. We prove
this fact by contradiction. Let’s assume that for any € > 0 there
exists N, such that for any N >N, and frequency f:
INSXansen (f) = G2nsesim (f)| < €. This assumption implies
Onserim () < NOSO-Z{XAAnSt,NO (f)} +e&. By Theorem 1
UZ{XAnst,NO ()} < Ng'B. Thus, 02yseim(f) < NgB + Nge,
and  Aupsef ™ + Bunsef % + Canse < N§B + Nge. Since this
relation cannot hold for any f regardless of how Nj is selected,
we conclude that N, must in general increase with the frequency

f.

IV. HYBRID-STRATIFIED SAMPLING AND FOURIER
TRANSFORM ESTIMATION

In this section, we introduce the HySt method and explore its
features. In particular, we show that the uniform convergence
of the HySt estimator significantly outperforms its predecessors
described in the previous section.

A.  HysSt Estimator of Fourier Transform

In the HySt approach, the sampling instants are a mixture of
deterministic and random variables. The random instants T,
l=0,..,Ly —1 are selected in the same manner as those in
StSa. The deterministic ones are the strata borders: ty,;, [ =
0, ..., Ly. The total number of processed samples is

N=2Ly+1 27

It follows from (18) that Ay ;< %L. Since Ly =1 and

consequently N > 3 we get

Ay — .
e ANgmin
The HySt estimator of Iy,(f) is a linear combination of
x(tN‘l), x(TN’l) and x(tN’l+1)

iN,l(f) = aN,l(f)x(tN,l) + ﬁN,l(f)x(TN,l)

(28)

29
+ yN,l(f)x(tN,Hl)' (29)
where
an (f) = A, (tN,l+1 - t)l(t: fdt
TNJJ (30)
- (tN,l+1 - TN,L)A(TN,l'f)'
ﬁN,z(f) = AN,ZA(TN,l:f): (31)
ral) 2 83k [ (6 = en)ACe e -
TN,
- (TN,l - tN,z)l(TN,l'f)-
Hence, the estimator of X(f) is
KXuysen(f) = Z aN,l(f)x(tN,l) + ,BN,l(f)x(TN,l) (33)

=0

+ YN,’l\(f)x(tN,Hl)'

We demonstrate that X5 v(f) satisfies the assumptions
(A.1) - (A.4) of Theorem 1 and therefore uniformly converges
in mean square to X (f) at the rate N~ or faster. According to
(11) and (13), assumption (A.1) holds if all I ,(f) are unbiased.
In fact: E{ly,(F)} = E{an, (N }x(tn.r) + E{Bna(F)x(tna)} +
E{yn,()}x(tnis1). Now, we note that Efay,(f)}=

AN Sy (Ener = OACE Fdt = B{(twia — Tva)M(Twe £} =

AN S (e = A A= A [ (tngen —
7)A(, f)dt = 0, E{Bn,(Nx(tn,)} =
B fyy A (@ P = [ AT Hx@dr = Iy (),

and By ()} = M3k fy, (¢ — tn)ACE £t — B (o, -

tn)A (T £} = B35 J, (6= ty)ACE F)dE = Ay} [ (T =
ty AT, f)dt = 0. By combining these observations, we
confirm that E{ly,(f)} = In,(f) and thus E{Xu,sn (N} =
X(f).

Assumption (A.2) is also satisfied since for [ # k, the random
time instants Ty, and Ty, are independent from each other.
Consequently, Iy ,(f) and Iy, (f) are also independent. To
confirm assumption (A.3), we note that S = 3. By using (7), we

get: lan| < AyY fTN'l(tN,Hl — )|AE, Oldt + (e 41 —

tu )| £ < Ay, (Evgen = £)dE + Ayy= 154y,
Hence

lan,| < 1.54,, (34)
and then,

|Bna| < Bni|A(Twy )] < Awy (35)



and vwal < 833 fy, (€= tua)IACE Olde + (T —
tn)|A(tw )| < BRY S (& = tnad) + Ay, = 158y, This
yields

[yni| < 1545, (36)

The relationships (34) - (36) confirm that (A.3) is satisfied with
A; = A; =1.5and A, = 1. Finally, we use (27) and Lemma 1
to affirm that assumption (A.4) holds. This concludes the proof
that HySt estimator uniformly converges to X (f) at least at rate
N7L

Before we investigate further the properties of the HySt
estimator, we use elementary calculations to show that

Loy 2 an () + B + v = [ A pae @)

I

+ﬂNl(f)(TNl

szz
+VNz(f)

Ly, =— a’Nz(f) CN,Z)

(38)

= f(t — ey )AL, fdt,
TN,

Lu—ammﬂ+ﬁm(f)

(TN 1 CN,I)Z

2
+ ¥ (f ) T
2
'8

T

A3
—A(rm,f)[ N

At, f)de 39)

and according to (34) - (36), we have

M 2 |aw,| + |Bua| + |ywa| < 48w, (40)

B. Fast Uniform Convergence of HySt Estimation

In this subsection, we prove that if the signal x(t) has a
continuous third derivative in some open interval 7z comprising
T: T c Jg then the rate of uniform convergence of the HySt
estimator is at least N~5. The analyses in the next subsection
combined with this result prove a stronger statement, namely
that this rate is exactly N5, Let

Eva(F) 2 Ini () = Iy (), (41)
denote the error of estimating Iy,(f). Subsequently, the
variance of I ,(f) is

S 2
RUNGIEN A MGIR (42)
Since for I # k Iy, (f) and Iy, (f) are independent from each

other, the variance of HySt estimator is given by
Ly-1

JZ{XHySt,N(f)} = z E {|8N,l(f)|2}-

=0

(43)

Consider the following second order Taylor expansions of x(t)
about each stratum center cy

x() = x(cny) + (£ - CN‘l)x(l)(cN_,)
N (t _ZCN'I)Z (44)

x@(cyy) + 1w (0).
Since x®)(t) is continuous in 7 and therefore bounded in T,
the remainder ry ;(t) can be put in the Lagrange form ry ;(t) =

3
—(t_CGN 2 x® (&), where € Ty, is chosen to satisfy (44) and
[x® @) < x3.max < 0. Forany t € Iy |t — ey, | < 0.544,,

we get |ry, (D] < @ |x(3)(f)| and

v (0)] < (45)

By substituting (44) in (12) and deploying (7) and (37)-(38),
we obtain

Iy, (f) = ﬁo,lx(CNl) + L lx(l)(CNl)

x3 max:*

j (t—ev) /1(t £dtx@(cy,) (46)
TN,
+ Xl,
where y; = fm A(t, Hry,(B)de. It follows from (7) and (45)
that | x;| < A} %3 max/48. By utilizing (28), we get
, 27 H
Ll < N~* 16g4 % X3,max- (47)

From (44), the signal samples x(ty,;), x(ty,;) and x(ty +1)
can be expressed as: x(ty;) =x(cn;) — %x(l)(cw) +
DL @ (e ) + i () x(tws) = x(ew) + (10 -
ena)xP(en,) + Mx(z)(c,\, )+ (T, and
H(twarn) = #ews) + 2220 en,) + 2D (cy) +

TN,l(tN,l+1)- By substituting these in (29), and using (30) - (32)
and (37) - (39), we obtain

Ing(F) = Logx(eny) + L1x @ (eny) + Lax P (cn) (48)
+ 7
where o= an (v ) + By (P, (T) +

Yni(F)ry(t11). An upper bound for || can be calculated
using  (40) and  (45): |2l < ey, (O)||rwa (D] +

3
|5Nl(f)||T'N,l(Tl)| + |VN,1(f)||T'N,l(tl+1)| < Ml%x&max <

o, ’x3 max- Subsequently, by (28), we get

4
|)?l| < N_4T4_x3,max-

min
Now we derive the estimation error (41). By subtracting (46)
from (48), we get

Enalf) = {A’“f AGe, fdt = aa, £ [ -

Ay, (Tzvz cn,) ] - (t= CZN.l) At, f)dt}x(z)(CN,z) + XX
Therefore

(49)




Eva(f) = o.sl [ w2 prac

In,1

(50)
—Ayizny (TN,l)A(TN,z'f)‘ x® (CN,Z)
+ X ,
= S —(t—cyy) = (%—t+cm)(%+

t— CN,z) = (tN,l+1 —t)(t —tyy) and y; = ¥, — x;- Itcanbe
checked that the function zy ;(t) has the following properties

where zy ,(t) =

Ajy
f zZy, (t)dt = T’ (51)
INL
AS
2 ()dt = —2t 2
[ Auoae =% (52)
TN
Ay,
f Zy, (Ot — ey |dt = == (53)
32
TN
and, if t € Ty ;, then
0 < zy,(t) <A}, /4 (54)

Since E{zy, (tn,)} = AV} fTN.l zy,(t)d, then (51) implies

E{ZN,I(TN,I)} = A12\/,1/6- (55)
From (47) and (49), we derive
7l < N (56)

16 g nx3max
It follows from (50), (5) and (7) that |Ey, ()| <
0.5 ([, zwa ()t + Ay 2y 1 ()] Xomax + 171]. Consequently,
we have:

A3 A3 - 5
|5N,z(f)| <05 (Ll + %l) Xomax 1001 < ;A?V,lxz,max +

= 45 H 135 H

|Xl| <N (;gmmemax + N~ ! 16 g nx3max>

Since N > 3, we reach

|g (f)| < N3 45 H3 45 H* 57)

N,l 8 g;o,m_n xz,max 16gfnm x3,max

Substituting  (57) in  (43) vyields o3 {Kuysn ()} <
_¢ |45 H 45 H* 2 .

LyN~¢ ?Exlma"+1ag;‘nmx3'ma"] . Since Ly < 0.5N,

we conclude that
45 H3

g {XHyStN(f)} < 05N~ [ xz max T
45 H* (58)
16-gmin x3,max

which proves the following theorem:

Theorem 2: If the signal x(t) has continuous third derivative in
Ty, the HySt estimator converges uniformly to X (f) at least at
the rate N>,

C. Asymptotic variance of the HySt estimator

In this section, we derive the asymptotic variance of the HySt
estimator. Theorem 3 below states the main result.

Theorem 3: If w(t) and x(t) have continuous first and third
derivatives in J5 respectively then

1\111—r>r<}o NSO_FZIySt,N )= Uf21y5t,lim N,
, 2 5 0 WORD©)
where ofysim () = 2o H® [ 50
Theorem 3 implies that uniform convergence rate for signals
with nonzero second derivative cannot be faster than N=>. By
combining this observation with Theorem 2 we conclude that
the uniform convergence rate of HySt estimators is exactly N ~°.
Proof of Theorem 3: We start with applying the mean
value theorem to A(t, f) and noting that for any f and t € Ty,
there exists t € T, such that
At f) = Aenp ) + 2D E (= ew)- (60)
By substituting (60) in (50) and using (51), we express the
estimation error by

(59)

En(f) =T () + Ay, (), (61)
where
~ ANZ szz
Iy, () &= =7 (Tz)] A(Cm f)x(z)(c,v 1) (62)
and
Ay, (f) = I f ZN,l(t)(t - CN,Z)A(l)(E' f)dt
TN,
- AN,lZN,z(TN,z)(TN,z (63)

- CN,I)A(l) @ne f)

x@ (¢ -
7(2 N'l) + X

Since

3

i (O] = |24+ 284 7 o) | 12 )2 ®(en)], - then
by deploying (5), (7), (28) and (54), we get |Iy,(f)| <
Alez max —= <N73 4-BSH gx;::ax
Tvi(f) = O(N73). (64)

similarly, Ay (0] < £, le(t)|t—CN1||A(1)(f,f)|dt+
Alel(er)th—ch||/1(1)(rN f)|] (C"”)+)?, and since
|tny — cny| < 0.5Ay,, we get from (28) and (56) |Ay,(f)| <

and conclude

H* (405
aA?V,lll,maxe,max <N~ —* m n ( 64 /11 maxX2max +
135
?x&max). ThUS,
Ay (f) = O(NH). (65)
. 2 2
Additionally, E{lev (O} = E{ITv (N[} +

E {|1\N,l(f)|2 + 2Re[F}‘V,l(f)AN,l(f)]}. Utilizing (64) and (65),
we obtain E{|€Nl(f)|2} = E{|I‘Nl(f)|2} +O(N~7). The

variance (43) is o?{Ruysen(f)} = XN 'E {|FN_l(f)|2} +
O(N~°). Substituting this in (59) ylelds

Ln—

Ohystiim () = Jim N® Z E{Itv. (O}

=0

(66)



By using (62) and (3) we get E{|FN,l(f)|2}=E{[%_
2
Msz,z(Tzv,l) |/1(CN.1'f)|2[x(2)(CNJ)]2 =E C
2 12
2
%ZW(TMZ)] }WZ(CNJ)[x@)(cN,Z)]Z. It follows from (55)
3
E {%ZN,I(TN,I)} = %
2
%ZNJ (TN,l)] } =0 {M zwa(T, 1)} We  note that
52 {%ZNJ(TN,Z)} = E{[ le(er)] } <A"”) . where
2
{2 ]| =25, o oy G2 ve o
2 6
E{[%ZNJ(TNJ)] } = %,
2
%Zm(fz)] } 720sz1 This implies

{|FNl(f)|} 720AN1W2(CNI)[X(2)(CNI)]
By substituting (67)
lim NSUfZIyStN(f) =

i N B 8 we )O e )] =

HS NS GLy—1 wE(en)[x? Y(en)] Ay,

A3
that Therefore: E [L‘ —

12

A3
and hence E {[L‘ —

(67)

in (66) and using (17), we get

im — % P . We also note that
720 N-oo Ly (th l)
I\l]lm N5/LS = 32. Hence by Riemann integral
; 5.2 _ 255 2(tf)[xm(t)] .
Al]l_l’)I(;loN UHySt,N(f) = EH IT T dt which

completes the proof of Theorem 3.
V.NUMERICAL EXAMPLES

The numerical examples presented in this section compare
the performances of ToRa, StSa, AnSt and HySt estimators. We
consider the following signal x(t) comprising two spectral
components centred around 2kHz and 70kHz

x(t) = A sinc(B (t— d)) cos(27rf1(t — d)) (68)

+ A, cos(2mf,t)

where A; = 10°, B = 0.5kHz, f; = 2kHz, d = 7.5ms, A, =
5x 10% and f, = 70kHz. The length of the observation
window T is H = 15ms. Its Fourier Transform X(f) defined
by (1) is calculated with the use of the Hanning window w(t) =
0.5 — 0.5 cos(2mt/H). It will be estimated using each of the
four DASP methods discussed in this paper. For each of the
three stratified estimators, we used g(t) = 1. Fig. 1 shows the
magnitude of the target Fourier Transform X (f).

In the first experiment we estimate the MSE defined by (2)
by averaging the squared errors obtained from 1000
independent simulations. The results for ToRa, StSa, AnSt and
HySt methods against the number of signal samples N are
shown in Fig. 2, separately for frequencies 2, 70 and 160 kHz.
These plots reveal that the MSE of HySt and ToRa estimators
are nearly insensitive to the frequency for which the error is
estimated. As previously explained, this is attributed to the fact
that these estimators’ pointwise and uniform convergence rates

are identical. On the other hand, for StSa and AnSt, the
accelerated convergence rates become visible once the number
of collected samples N is sufficiently large for the considered
frequency. Hence, the estimation errors as functions of N are
frequency-sensitive. Fig. 2a shows that at 2kHz, when N <
10*, the estimators that use stratification exhibit quality similar
to each other and notably better than that of ToRa. At higher
frequencies, HySt significantly outperforms all other
approaches. The plots for 70kHz presented in Fig. 2b show that
when N < 1800 the error for StSa and AnSt estimation is better
aligned with that of ToRa than with their fast decay rates of N =3
and N5, respectively. Only when N exceeds 1800, the
accelerated rates of StSa and AnSt become visible. Their
sluggish behavior and inferior performance comparing to HySt
become even more profound when the examined frequency f is
further increased. The results for f = 160kHz in Fig. 2c show
that the accelerated convergence of StSa and AnSt start when
N > 3200. We also note that for N = 10,000, the AnSt and
HySt exhibit the same performance at f = 2kHz. However,
HySt outperforms AnSt by 20dB at 70kHz and by
approximately 30dB at 160kHz.
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Fig. 1. Magnitude of the Fourier Transform of x(t) defined by (68). The insets
show details of the results in the neighborhoods of 2kHz and 70kHz.
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In the second experiment, we set the number of signal
samples to N = 400 (401 in the case of HySt) and run ten
independent simulations for each of the four methods. The
magnitudes of the estimated FT for ToRa, StSa and AnSt are
shown in Fig. 3, whilst Fig. 4 presents the results for HySt. This
experiment illustrates the opportunities and difficulties in
detecting spectral components of the analyzed signals when
using DASP-based FT estimators. The monitored frequency
range is confined to [0, f,,qx]- Since there is no theoretical
upper limit above which DASP approaches stop working, the
frequency f.. IS arbitrarily chosen as fq = 160kHz.
Examination of the depicted results confirms that all ten
displayed estimates produced by the four estimators
consistently reveal the presence of the low-frequency
component centered at 2kHz. The differences between the
estimates in the neighborhood of this frequency are bigger for
the slowly converging ToRa than for the faster counterparts
StSa, AnSt and HySt. However, at f = 70kHz, only HySt
estimate exposes the presence of the second spectral



component. The estimation errors for ToRa, StSa and AnSt
approaches are so big that they mask this component. By
scrutinizing Fig. 2c and making crude analyses, it could be
argued that ToRa, StSa and AnSt need around N = 1000 signal
samples to reveal the spectral component at 70 kHz. But in
order to match the quality of HySt estimation at f = 70kHz,

(@

f =2kHz

40 w

-40 ' ' ‘ : '

100 220 460 1000 2150 4640 10000
N
(b)

f =70kHz

40 T T

T T

201log, (| Xn (f) — X(£)])

-40 : : : : :
100 220 460 1000 2150 4640 10000
N
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f =160kHz

1000 2150 4640 10000
N
Fig. 2. MSE of the FT estimation as a function of the number of collected signal

samples N for ToRa, StSa, AnSt and HySt at 2, 70 and 160kHz.

100 220 460

ToRa needs around 10,000 samples while StSa and AnSt need
3000 samples. For comparison, if uniform sampling was used
to estimate the FT then the smallest number of collected
samples that that allows avoiding aliasing up to 160kHz is
4800. This is approximately twelve times more than what was
used by the HySt estimator. If the FT were to be estimated with
the same accuracy in a frequency range stretching beyond
160kHz the HySt approach can deliver these results without
taking additional samples. However, uniform sampling would
require increasing the density of samples and therefore
collecting more data.

VI. FINAL REMARKS AND CONCLUSIONS

We introduced the HySt approach for alias-free (DASP) FT
estimation and showed that it outperforms by various measures
its predecessors that tackle the same problem. In this section,
we briefly discuss selected topics that could be of interest to
potential users of HySt and other DASP approaches.

All four DASP estimators use “multiply-and-accumulate”

process to estimate the FT. Therefore, once the complex-valued
multipliers for the collected samples are known, each of these
four methods takes 2N multiplications and 2N — 2 additions to
obtain the estimate at a single frequency point. It has been
demonstrated that the HySt method often needs less signal
samples to match or exceed the performance of the other three
existing approaches. This potentially makes HySt the most
computationally-efficient DASP solution for FT estimation.
Similarly to ToRa, StSa and AnSt, the HySt multipliers can be
calculated as soon as the weighting function w(t) and the
sampling instants are known. The integrals needed in (30) and
(32) to calculate the HySt multipliers ay ,(f) and yy,(f) are
independent from the random sampling instants and, thereby,
can be pre-calculated even if these random instants are selected
in real-time. Consequently, the workload related to
incorporating the effect of the random sampling instants on the
multipliers is more or less the same for all four DASP
approaches.
Each of the four DASP Fourier transform estimates considered
in this paper can be represented by Xy (f) = X(f) + AXy(f),
where AXy (f) is a zero-mean random variable whose variance
uniformly converges to zero when N goes to infinity. Thus, for
a sufficiently large N, the estimated FT can be made arbitrarily
similar to the X (f) target. This observation helps addressing the
questions about the frequency resolution of DASP estimators as
well as their ability of detecting weak spectral components in
the analyzed signals. Such features are ultimately determined
by X(f) defined by (1) rather than by the choice of a specific
DASP method. The situation complicates when N is small and
the increased variance of AXy (f) adds noise-like spectrum to
X(f). As a result, any less distinct features of X(f) can be
obscured and even made invisible in Xy(f). In the second
numerical example, the 70kHz component of the analyzed
signal could not be detected by any DASP method, apart from
the HySt estimator. For N = 400, only the variance of the HySt
estimator was small enough to reveal specific features of X(f)
at this frequency.
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Fig. 3. The magnitude of the estimated Fourier Transform in 10 independent

experiments for (a) ToRa, (b) StSa and (c) AnSt Fourier transforms. The
insets show details of the results in the neighborhood of 2kHz.
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Fig. 4. The magnitude of the estimated Fourier Transform in 10 independent
experiments with HySt estimator. The insets show details of the results in the
neighborhoods of 2kHz and 70kHz.

The FT error estimation analyses are more complex if the
signal samples are noisy. It is clear that such noise adds an extra
layer of error to the estimates. Detailed analysis of how much
error is added and a comparison of how different DASP
approaches are affected is outside the scope of this paper.

An important question about the HySt FT estimator is
whether its variance can be reduced by suitably selecting the
stratifying function g(t). The answer is yes, however,
determining the optimal shape of g(t) requires solving a
functional-analysis optimization problem that could be
numerically difficult to tackle. A simplified closed form
solution presented below minimizes the variance (59) subject to
constraints (15) and g(t) = 0. We note that although the
resultant g(t) is guaranteed to be non-negative it may not
necessarily satisfy (14).

Based on the cost (59) and constraint (15), we form the

following Lagrangian
_ 2 HS [ w2@)x@@)]°
L(g(),$) = EFT O

(69)
+¢& H'lfg(t)dt—l ,

T
where £ is the Lagrange multiplier. By equating the functional
and partial derivatives of (69) with respect to g(t) and &,
respectively, we get
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(70)
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&

T
It follows from (70) that g(¢t) = a3/|w()x@(t)|, where a =
Hx® [95% is not fully known because of the dependence on €.

H—lf g(t)dt —1 =0. (71)

We calculate a by solving (71). Since fT gtdt =



H

3
a lw(®)x@(t)|dt, therefore ¢ = ——— and
g Iy 3‘/|W(t)x(2)(t)|dt
the optimal g(t) is given by
VIw®x@ @)
g(t) =H (72)

Jy VIw@®x@©)|dt
Since in typical cases x @ (t) is not known, a pragmatic solution

is to choose g(t) that is proportional to 3/|w(t)| and scaled so
that (71) is satisfied.

Finally, it is important to mention that the “infinite bandwidth”
of the DASP approaches could in practice be limited to a very
wide but finite range of frequencies. First, if all the sampling
instants are selected as multiples of some short time interval h,
then, the alias-free analysis can be performed only up to
0.5h~1Hz. The second limiting factor, which was identified and
analyzed in [23] with respect to ToRa, is the input clock jitter.
All the analyses in this paper were made under the assumption
that the sampling instants used in calculating the HySt
multipliers are the same as when the signal samples were taken.
However, any random error between them results in high-
frequency bias of the FT estimates. A practical rule derived in
[23] is that DASP should not be used for signal analyses above
0.10"1Hz, where o is the standard deviation of the input-clock
jitter.

REFERENCES

[1] J. D. Scargle, "Studies in Astronomical Time Series Analysis. II-
Statistical Aspects of Spectral Analysis of Unevenly Spaced Data," The
Astrophysical Journal, vol. 263, pp. 835-853, 1982.

[2] S.Baischand G. H. R. Bokelmann, "Spectral Analysis with Incomplete
Time Series: An Example From Seismology,” Computers &
Geosciences, vol. 25, no. 7, pp. 739-750, 1999.

[3] A.W. Liew,J. Xian, S. Wu, D. Smith and H. Yan, “Spectral Estimation
in Unevenly Sampled Space of Periodically Expressed Microarray Time
Series Data," BMC Bioinformatics, vol. 8, no. 1, pp. 137-156, 2007.

[4] K. Kazimierczuk, W. Kozminski and 1. Zhukov, "Two-dimensional
Fourier transform of arbitrarily sampled NMR data sets," Journal of
Magnetic Resonance, vol. 179, no. 2, pp. 323-328, 2006.

[5] E.Axell, G. Leus, E. G. Larsson and V. H. Poor, "Spectrum Sensing for
Cognitive Radio: State-of-the-art and Recent Advances," IEEE Signal
Process. Mag., vol. 29, pp. 101-116, 2012.

[6] G. Hattab, Ibnkahla and Mohamed, "Multiband Spectrum Access: Great
Promises for Future Cognitive Radio Networks," Proc. IEEE, vol. 102,
pp. 282-306, 2014.

[7] R. G. Vaughan, N. L. Scott and D. R. White, "The theory of bandpass
sampling,” IEEE Trans. Signal Process., vol. 39, pp. 1973-1984, 1991.

[8] H. J. Landau, "Necessary density conditions for sampling and
interpolation of certain entire functions,” Acta Mathematica, vol. 117,
no. 1, pp. 37-52, 1967.

[91 R. Venkataramani and B. Yoram, "Perfect reconstruction formulas and
bounds on aliasing error in sub-Nyquist nonuniform sampling of
multiband signals," IEEE Trans. Inf. Theory, vol. 46, no. 6, pp. 2173-
2183, 2000.

[10] P. Feng and Y. Bresler, "Spectrum-blind minimum-rate sampling and
reconstruction of multiband signals,” in IEEE Int. Conf. Acoustics,
Speech, Signal Processing (ICASSP '96), May 1996, vol. 3, pp.1688—
1691.

[11] M. F. Duarte and Y. C. Eldar, "Structured Compressed Sensing: From
Theory to Applications," IEEE Trans. Signal Process., vol. 59, pp.
4053-4085, 2011.

[12] D. L. David, "Compressed sensing," IEEE Trans. Inf. Theory, vol. 52,
no. 4, pp. 1289-1306, 2006.

[13] M. Mishali and Y. Eldar, "Blind Multiband Signal Reconstruction:
Compressed Sensing for Analog Signals," IEEE Trans. Signal Process.,
vol. 7, pp. 993 - 1009, 2009.

[14] M. Vetterli, P. Marziliano and T. Blu, "Sampling signals with finite rate
of innovation," IEEE Trans. Signal Process., vol. 50, no. 6, pp. 1417-
1428, 2002.

[15] H. S. Shapiro and R. A. Silverman, "Alias-free sampling of random
noise," Journal of the Society for Industrial & Applied Mathematics,
vol. 8, no. 2, pp. 225-248, 1960.

[16] E. Masry, "Alias free sampling: An alternative conceptualization and its
applications," IEEE Trans. Inf. Theory, Vols. IT-24, p. 317-324, 1978.

[17] 1. Bilinskis and A. Mikelsons, Randomized Signal Processing, Prentice-
Hall, 1992.

[18] R. J. Martin, Irregular Sampled Signals: Theories and Techniques for
Analysis, PhD Thesis, University College London, 1998.

[19] F. Marvasti, Nonuniform Sampling Theory and Practice, New York:
Kliwer Academic, 2001.

[20] 1. Bilinskis, Digital Alias-free Signal Processing, New York: John Wiley
and Sons, 2007.

[21] M. Al-Ani, Multidimensional Random Sampling for Fourier Transform
Estimation, Doctoral Dissertation, University of Westminster, 2013.

[22] P. Babuand P. Stoica, "Spectral analysis of nonuniformly sampled data
—areview," Digital Signal Processing, p. 359-378, 2010.

[23] A. Tarczynski and N. Allay, "Spectral Analysis of Randomly Sampled
Signals: Suppression of Aliasing and Sampler Jitter,” IEEE Trans.
Signal Proc., vol. 52, no. 12, pp. 3324-3334, December 2004.

[24] A. Tarczynski and D. Qu, "Optimal Random Sampling for Spectrum
Estimation in DASP Applications," Int. Journal of Applied Mathematics
and Computer Science, vol. 14, no. 4, p. 463 — 469, 2005.

[25] E. Masry, "Random Sampling of Deterministic Signals: Statistical
Analysis of Fourier Transform Estimates," IEEE Trans. Signal Process.,
vol. 54, no. 5, pp. 1750-1761, 2006.

[26] E. Masry and A. Vadrevu, "Random Sampling Estimates of Fourier
Transforms: Antithetical Stratified Monte Carlo," IEEE Trans. Signal
Process., vol. 57, no. 1, pp. 194 - 204, 2009.

[27] B. I. Ahmad and A. Tarczynski, "A SARS Method for Reliable
Spectrum Sensing in Multiband Communication Systems," IEEE Trans.
on Signal Processing , vol. 59, no. 12, pp. 6008 - 6020, 2011.

[28] A. Antoniou, Digital Signal Processing: Signals, Systems, and Filters,
McGraw-Hill Professional, 2005.

[29] F.J. Harris, "On the Use of Windows for Harmonic Analysis with the
Discrete Fourier Transform," Proc. IEEE, vol. 66, no. 1, pp. 51-83,
January 1978.

Andrzej Tarczynski is a Reader in Signal Processing and
Control Systems at the University of Westminster,
London, UK. He received his MEng in Electrical
Engineering and PhD in Automatic Control from the
Warsaw University of Technology, Poland in 1979 and
1986 respectively. Subsequently he worked in academia
(Warsaw University of Technology) and industry
(Computex Ltd., POSTINFO Ltd.). In 1991 he joined the
University of Westminster, where he has occupied a
number of academic and managerial positions, including Director of Research
and Knowledge Transfer in the School of Electronics and Computer Science.
His research interests include alias-free signal processing, optimization
techniques and algorithms for signal and system analysis, and control systems.

Bashar 1. Ahmad received the B.Eng. (Hons.) in
Electronic Engineering and Ph.D. in statistical signal
processing degrees from the University of Westminster,
U.K, in 2007 and 2011, respectively. He is currently a
Senior Research Associate in the Signal Processing and
Communications Laboratory, Engineering Department,
Cambridge University, U.K. Prior to joining the
University of Cambridge, he was a postdoctoral
researcher in  the Signal Processing and

9N

Communications group at Imperial College London, U.K. His research interests
include statistical signal processing, multi-modal human computer interactions,
sub-Nyquist signal processing, sampling theory and cognitive radio.



