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MURMURATIONS OF DIRICHLET CHARACTERS

KYU-HWAN LEE*, THOMAS OLIVER, AND ALEXEY POZDNYAKOV

ABSTRACT. We calculate murmuration densities for two families of Dirichlet characters. The first family
contains complex Dirichlet characters normalized by their Gauss sums. Integrating the first density over a
geometric interval yields a murmuration function compatible with experimental observations. The second
family contains real Dirichlet characters weighted by a smooth function with compact support. We show
that the second density exhibits a universality property analogous to Zubrilina’s density for holomorphic
newforms, and it interpolates the phase transition in the the 1-level density for a symplectic family of
L-functions.

1. INTRODUCTION

Following a programme of machine learning in arithmetic [HLO1, HLO2, HLO3], a striking oscillation in
the average value of Frobenius traces for certain families of elliptic curves was observed in [HLOP]. This
oscillation was termed a murmuration. In the original work, the average was taken over elliptic curves E/Q
with conductor in certain intervals. Similar averages for other arithmetic families, including higher weight
modular forms and higher genus curves, will be explored in [HLOPS].

After the initial observation, three important ideas emerged based on contributions of J. Ellenberg, A.
Sutherland, J. Bober, and P. Sarnak. Firstly, on Ellenberg’s suggestion, Sutherland studied murmurations
attached not only to newforms with rational coefficients, but, moreover, Galois orbits of those with coefficients
in number fields. Secondly, Bober proposed a so-called local average, which eliminated the role played by
the interval from the original construction. Thirdly, Sarnak introduced a notion of murmuration density,
which involved additional averaging over primes and weighting by smooth functions of compact support
[S23i]. To motivate his construction, Sarnak articulated the relationship between murmurations and the
1-level densities for families of L-functions (see [S23ii]). All three ideas informed the important work of
N. Zubrilina, in which a murmuration density for holomorphic newforms was calculated [Z23]. In this
paper we calculate murmuration densities for two families of Dirichlet characters, both of which come from
averaging characters over primes in short intervals (see Examples 2.3 and 2.4).

The first murmuration density we compute involves odd (resp. even) complex Dirichlet characters x
normalized by their Gauss sums 7(x). By way of justification, note that x(p)/7(x) is the Fourier coefficient
of XY when expanded in terms of additive characters (see, e.g., [IK04, equation (3.12)]), and so this is a
natural analogue of the modular form case. Integrating the murmuration density over a given geometric
interval yields the average value of x(p)/7(x) over odd (resp. even) Dirichlet characters with conductor
in that interval, which is a scale invariant oscillation comparable with the murmuration first observed for
elliptic curves (see Figure 5). More precisely, we let Do (N) (resp. D_(N)) denote the set of primitive even
(resp. odd) Dirichlet characters mod N. For x € R~g, denote by [2]P the smallest prime that is bigger than
or equal to z. For ¢ € Rsq, 0 € (0,1), and y € R+, define

(11) Py X =% oy MAR

X T
Ne[X,cX] x€D+(N) <X)
N prime
~ log X x([yXTP
(12 Py xay =Xy oy AT
X 7(x)
Ne[X,X+X%] XxED+(N)
N prime
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We plot instances of the functions Py (y, X,c) and Py(y, X,8) in Figure 1. The factors log(X)/X and
log(X)/X? are connected to the number of primes in the respective intervals. In the case of equation (1.2),
we work conditional on the Riemann hypothesis, which guarantees that the interval [X, X + X°] contains
primes provided that § > % Our first theorem is stated as follows:

Theorem 1.1. Fix y € Ryg. If c € Ry, then

(& .f
(1.3) i Py, X,e) = {2 >ﬂ h
X o0 —i [; sm( Y)dx, if —,
and, assuming the Riemann hypothesis, if § € (%, 1), then
cos(2my), if +,

(1.4) Xlgnoo Py, X,0) = {—i sin(2my), if —.

The proof of Theorem 1.1 uses the prime number theorem, and the relationship between additive and
multiplicative characters. The fit for Py (y, X, ¢) and ﬁi (y, X, 0) given by Theorem 1.1 is depicted in Figure 1,
in which we have used the relatively small value X = 2'0. For small values of X, the fit given by Theorem 1.1
is far from perfect. Upon closer inspection, the proof of Theorem 1.1 indicates that equation (1.4) may be
reformulated to incorporate certain composite conductors, and this yields a better fit even for relatively small
values of X (cf. Figure 6). We specify this reformulation in Section 6, and furthermore establish variants of
Theorem 1.1 for arbitrary conductors (in which case we no longer need to assume the Riemann hypothesis).

The second murmuration density we compute is the more challenging case of real Dirichlet characters. In
this case, the average value of the Fourier coefficients for those with conductor in a geometric interval yields
a noisy image (see Figure 4). To counteract this, we use techniques originally developed by Katz—Sarnak
and refined by Soundararajan [S00]. For d € Z, we use the notation x4 = (4) We also let G be the set of
odd squarefree integers. If d € G and d > 0 (resp. d < 0), then xgq is an even (resp. odd) primitive real
character of conductor 8d. For a smooth Schwartz function ® > 0 with compact support, define

(15) Maly, X,6) = 2% 3 Z@( )XSd VP

PElYX yX+Xx°] d€G
p prime

Notice that one can isolate even (resp. odd) characters in this sum by choosing ® to have compact support
in Ry (resp. Rg). In Figure 2, we plot equation (1.5) for two choices of ®.

Theorem 1.2. Fix y € Ryq. If § € (%, 1) and ® > 0 is a smooth Schwartz function with compact support,
then, assuming the Generalized Riemann hypothesis, we have

) 1 o o 2
(16) Mo (y.8) = Jim My(y. X.0) = 5 Z mZ: (M)
(a,2)=1
where
(1.7) B(e) = / " (cos(2nex) + sin(2nex)) D (x)dz.

We note that, in Figure 2, and the related Figures 5 and 8, we use the value § = %, which is smaller than
the minimal § included in Theorem 1.2. These figures offer some evidence that Theorem 1.2 may remain
valid for such values of §. Furthermore, although the smoothness of ® is crucial in enabling the analytic
tools used in the proof, we expect Theorem 1.2 to hold for weight functions with a sharp cut-off as well (we
refer to Figure 3 for numerical support of this claim). We remark that a murmuration density for a family
of real Dirichlet characters was first computed by Rubinstein and Sarnak in [S23ii, equation (13)], although
their formulation and evaluation is different to ours in places. Rubinstein and Sarnak also noted that the
murmuration density interpolates the phase transition for the 1-level density of a symplectic family, which
emerges from our analysis in the following form.



Corollary 1.3. Let ® > 0 be a Schwartz function with compact support and let § € (%, 1). Assuming the
Generalized Riemann hypothesis, we have

(1.8) lim Mg (y,0) =0, and lim Mg(y,d) = ——®(0),

y—0+ y—o0 2
where My (y,0) is defined in equation (1.6).

We present a proof of Corollary 1.3 in Section 5, in which we use the same techniques as Rubinstein and
Sarnak. A similar phenomenon for real character sums was previously observed in [CFS], which studied the
asymptotics for double sums of the form

m
> > ()

m<X n<lY

m odd n odd
In [CFS], the authors study the case that X ~ Y, which yields a function exhibiting murmuration-like
properties, including scale-invariance and non-differentiablity. The analysis presented in [CFS] is different
from that presented here.

The proof of Theorem 1.2 involves identities for the Mébius function, the Polya—Vinogradov inequality for
sums over primes, and Poisson summation as in [S00, Lemma 2.6]. The transform in equation (1.7) was used
in [S00, Section 2.4]. Unfolding this transform and applying the identity cos(x) + sin(z) = v/2 cos(x — 7 /4)
to equation (1.7) we conclude that

Jim Ma(y, X, 9) :% i “C(LZ) i(—l)m /OO <cos (”:;%) +sin (m’;‘%» & (z)dz
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In other words, conditional on the Generalized Riemann hypothesis, we exhibit a distribution M such that,
for every smooth Schwartz ® > 0 with compact support and every § € (i, 1), we have

o0

(1.10) Jim M (y, X,5) = / B(#) My /t)dt.

— 0o

Consequently, using Sarnak’s terminology, the distribution M in equation (1.10) is the Zubrilina density
for the family {(8—‘1) 1d e g} [S23ii]. Using the same techniques, we calculate the Zubrilina density for
{(4) :d € g} in Section 6.2 and deduce the analogue of Corollary 1.3. Given Figure 3, it is not immediately
clear whether or not Mg (y, X, d) exhibits infinitely many sign changes near y = 0. Zubrilina has shown that,
in the setting of modular forms, the analogous function has only finitely many sign changes.

We conclude this introduction with a summary of the sequel. Section 2 contains the relevant background
material on Dirichlet characters. In Section 3, we prove Theorem 1.1. In Section 4, we prove Theorem 1.2.
In Section 5, we prove Corollary 1.3. In Section 6, we state and prove the aforementioned variations on
Theorems 1.1 and 1.2 (both of which concern averaging over an alternative set of conductors).

Acknowledgements. The authors are grateful to Yang-Hui He and Andrew Sutherland for preliminary
conversations connected to the themes of this paper, to Kumar Murty for helpful comments on an early
draft, to Peter Sarnak for suggesting the use of Poisson summation and several insightful discussions, to
Philip Holdridge for their useful comments on an earlier draft, to Kannan Soundararajan for drawing the
authors’ attention to [CFS], and to the anonymous referees for recommending that we expand an earlier
draft to include the family of real Dirichlet characters and for facilitating several improvements with their
careful reading and detailed comments.



Local average of () /(i) aver 104288 even and 104425 odd Dirichlet characters with prime conductor in [1024, 2048)

Local average of () /(71 ) aver 10036 even and 10046 add Dirichlet characters with prime conductor in [2000, 2043)

-.‘- cu

FIGURE 1. (Top) Px(y,2'°,2) for y € [0,10] with + in blue and (the imaginary part of) — in
red. (Bottom) Py (y,2002,0.51) for y € [0,2] with + in blue and (the imaginary part of) —
in red. The solid curves (in yellow and green) represent the limits given by Theorem 1.1. The

discontinuity around y = 1 will be explained in Remark 3.1.

2. BACKGROUND

2.1. Asymptotics of double averages. For m € Z-(, a Dirichlet character mod m is a completely
multiplicative function x : Z — C which is periodic with period m and satisfies x(a) = 0 if and only if
ged(a,m) > 1. The Gauss sum of a Dirichlet character x mod m is defined by

T(x) = > x(b)e /™.
b=1

We denote by xo the principal Dirichlet character mod m, which satisfies xo(a) = 1 for (a,m) = 1 by
definition. We say that a Dirichlet character x is even (resp. odd) if x(—1) =1 (resp. x(—1) = —1). The
conductor of a Dirichlet character x is the minimal positive integer N such that x is a Dirichlet character
mod N. We say that a Dirichlet character y is primitive if its modulus and conductor are equal. We let
D1 (N) (resp. D_(N)) denote the set of primitive even (resp. odd) Dirichlet characters mod N. A Dirichlet
character is said to be quadratic if its values are real. We denote by Q4 (NN) the subset of Dy (N) consisting
of quadratic characters. Note that, for even (resp. odd) characters x € Q+(N), we have 7(x) = VN (resp.

ivVN).

Example 2.1. Quadratic characters provide the simplest analogue to the murmurations of elliptic curves
over Q discovered in [HLOP]. Furthermore, using quadratic reciprocity, one may relate sums of quadratic
4



Dirichlet characters to Chebyshev’s bias (cf.

U

2X-1
N=X

Weighted average value of Kronecker Symbal (8d/5)  with 524268 < | < 1048576, d odd, square-free

FIGURE 2. Let
1

Py (7) = L 2)() exp (174(;1.5)2) J

_(2) = La,-1)(@) exp (r=griray ) -

We plot Mg, (y,2'%,2) for y € [0,2] with + in blue (resp. — in red). We also plot the right
hand side of equation (1.6) in green (resp. orange).

Average value of Kranecker symbol (34/)/7 with 524288 < |d] < 1048576, d odd, square-free

FIGURE 3. Let ®(2) = 1(12)(2) and ®_(z) = 1(_o _1)(x). We plot Mg, (y,2',2) (resp.
Mg _(y,2'%,2)) in blue (resp. red). We also plot the right hand side of equation (1.6) in green
(resp. orange).

Q4 (N) for X =217,

[RS94]). In Figure 4, we plot the sum of x(p)/7(x) over

In this paper, we consider two variations of the sum considered in Figure 4. The first, and simplest,
variation is to involve (Galois orbits of) complex characters in the average. The second, more challenging,

variation is to work only with real characters

but to incorporate a smooth weight function with compact

support and to take the average over the primes in a short interval.
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Sum of x(p}/6( ) over 38842 even and 39634 odd primitive quadratic Dirichlet characters with conductor in [131072, 262144)

o 100000 200000 300000 100000
3

500000

FIGURE 4. Plot of }- e (v 2x) 2yeo. (v) X(2)/T(X), for X = 217 and 2 < p < 4X with + in
blue and (the imaginary part of) — in red.

Example 2.2. In Figure 5, we plot the sum of x(p)/7(x) over x € U?\,Xz;(l D4 (N), for X = 219 normalized
by (cf. [J73]):

(2.1) 1o 38
' X n2/#DL(X)

We note that including the non-real characters and normalizing in this way yields a much less noisy image
than in Figure 4. We will observe a similar effect with modular forms in a forthcoming work [HLOPS].

Average of y(7)/G(x) over 200770 even and 200750 odd Dirichlet characters with conductorin [1024, 2048)

)))))))))))))

FIGURE 5. Plot of % > ncixax) Yoven, vy X(P)/T(x) for X = 210 for primes p such that
2 < p < 10X, with + in blue and (the imaginary part of) — in red.

Example 2.3. The function ﬁi(y, X,6) in equation (1.2) comes from the following average:
ZNG[X,X+X5] ZXeDi(N) x([yXT17)/7(x)
(22> N prime

ZNE[X,X-*—X‘;] 1
N prime

where y € Ry and 6 € (%, 1). Indeed, assuming the Riemann hypothesis and applying the prime number
theorem, we deduce

: . log(X)
o .
(2.3) Jim #{N € [X,X + X°] : N prime} - <5

6

=1.



It follows that the function in equation (2.2) is asymptotic to ﬁi(y, X,0). There is a similar interpretation
for the equation Py (y, X, ¢) in equation (1.1).

Example 2.4. The function Mg (y, X, ) in equation (1.5) comes from the following double average:

Z >ace P(d/X)xsa(p)V/P

PElYX yX+X°] >aecg P(d/X)

(2.4) Ds(y, X,0) = e

ZPG[ynyXJrX‘S] 1
p prime

where y € Ry, § € (%, 1), ® is a smooth function of compact support, G denotes the set of odd squarefree

integers, and x4 denotes the Kronecker symbol (4) Assuming the Riemann hypothesis and applying the
prime number theorem, we deduce

log(X)

x| Tt

(2.5) lim [# {peyX,yX + X% :p prime} -

X—o0

It follows that Dg(y, X,d) is asymptotic to

log X Z > deG q)(d/X)XSd(p%/ﬁ'

X PElYX, yX+X°] Zdeg o(d/X)
P prime

(2.6)

To simplify the denominator in equation (2.6), we note that the natural density of G is shown to be 4/7% in
[J10]. Using the fact that ® is Schwartz, an equidistribution argument for (d/X)q4eg implies that

. 1 4 °
(2.7) Jim = dezgcp(d/X) = /m d(7)dT < 0.

Therefore, to understand asymptotics of Dg(y, X, d), it suffices to analyse the limit of Mg (y, X, 0).
2.2. Lemmas for Theorem 1.1. We begin with the following Lemma on Gauss sums.

Lemma 2.5. Let N be a positive integer. If p is a prime such that (p, N) = 1, then

2rp\ -1 1 _
(2.8) cos (N) ) + o) . r;N T(X)x(p),
x#x0, x(—1)=1
. 2mp —1 _
29) () =am 2o
x(=1)=-
Proof. This follows from [IK04, (3.11)]. O

If N is prime, then every non-trivial Dirichlet character mod N is primitive and hence
(210) Dy(N) = {xmod N : x #xo. x(~1) =1}, D_(N)={xmod N : x(~1) = ~1} (N primo).

Lemma 2.6. If p and N are two distinct primes, then

X0 _ (N1 ) 1
T ()
AB) (N1 (2
(=)
Proof. For x € Dy (N), recall
(2.13) % = X(J;l)r(@,



(see, for example, [B98, Exercise 1.1.1]). Since € := x(—1) is constant on x € D4(N), summing equa-
tion (2.13) over x € D1 (N) yields

(2.14) Z xp) _ € o

TX

~—

XE€D4+ (N XE€D4 (N)
Since N is prime and (p, N) =1, Lemma 2.5 implies
2mp -1 1 _
2.1 e —
(2.15) o () -ty X )
x mod N
Xx#Xo0,x(—1)=1
2mp —1
2.1 sin | —— | = X .
(2.16) i () =51 X o
x mod N
x(=1)=-1
The result now follows from equations (2.10), (2.14), (2.15) and (2.16). O

Lemma 2.7. For a € Ry and b € (0, 1], we have

log X 1
2.1 i — =0.
(2.17) lim Z N 0
Ne[X,X+aX"

. logX 1 . logX . log Xlog((a+1)X)\
lim Z N< lim Z N lim O( =0.

X—ooo XP° T X500 XPb X —o0 X0
Ne[X, X+aX?) 0<N<(a+1)X
O
Lemma 2.8. For y € Ry, if N > X, we have
[y XTP —yX
2.18 1 = =0.
( ) Xgnoo N

Proof. For any x € Rg, we have [2]? — 2 < 2 for some constant § < 1 (see, e.g., [BHP]). Subsequently,

we deduce that X1P X XP X
o XD X X X

X =00 N T X—o0 X =0

]

Lemma 2.9. Fix n € Ryp and § € (
hypothesis, we have

,1). If f : R — C is continuous, then, assuming the Riemann

(SIS

. log X DY
(2.19) dm S X I(F) =
PEMX NX+X°]
p prime

Proof. Since we have p/X — 1 as X — oo for p € [nX,nX + X?], we know that, for all ¢ > 0, there exists
Xo such that X > X, implies [p/X —n| < €. Since f is continuous, for all € > 0 there exists ¢ > 0 such
that [p/X —n| < € implies |f(p/X) — f(n)| < e. Thus, for X sufficiently large, we have:

(2:20) SorE) - Y s X (B -rml<e X1

PEMX NX+X°] PEMX NX+X°] PEMX N X+X°] PEMX NX+X°]
p prime p prime p prime p prime

Multiplying equation (2.20) by log X/X?°, and using equation (2.5), we deduce that:

. logX P
221 Jm S 3 i) sm)<e
PEMX X +X°]
p prime
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Since € > 0 is arbitrary, we deduce equation (2.19). ]

2.3. Lemmas for Theorem 1.2. We begin with the following manifestation of the Polya—Vinogradov
inequality.

Lemma 2.10. Let y € Ry, and let d € Z be such that x4 is non-principal. If § € (%, 1) then assuming the
Generalized Riemann hypothesis, for any € > 0, as X — oo, we have

(2:22) Yo )| < wX)ite
PEYX,yX+X°]
p prime
Proof. This follows from [GS07, equation (5.1)]. |

Following [S00, Section (2.2)], for an integer k and a prime number p, we define

e (5 (3)5) 5 ()

b mod p
and
(2.24) (p) = Z <b> 2mibk/p
b mod p p
so that
141 —1\1—12
(2.25) w = (50 (5) ) o

Moreover, using the notation from Section 2.2, we have 71 (p) = 7 ((5)) For a smooth Schwartz function

P, we let ® be as in equation (1.7). At various points in what follows, we will use the fact that, if ® is
Schwartz, then ® is Schwartz. We will also use the notation ® to denote the usual Fourier transform, that is

d(¢) = /OO ®(z)e 28y,

Note that
~( kX ~ [ —kX ~ (kX ~ (—kX
220w () e () - () + 6 ().
Since Gi(p) = (%) G_k(p) and 19(p) = Go(p) = 0, equation (2.25) implies:
X ~( kX X ~ [ kX
2.2 P = P .
(2.27) ity 20 () = oy G0 (1)

For completeness, we prove the following form of [S00, Lemma 2.6].

Lemma 2.11. Let ® > 0 be a smooth function with compact support and let § = sup,cg{|z| : ®(x) > 0}.
For a prime number p, and any A € (0,+/5X], we have

o 33 (Te($)(n-t0) T 2 ror ()e(2)
(d2)=1 4<a (a,2p)=1

2
Proof. By switching the order of summation and using <dLQ) = <4> (9> , we deduce that:

w2 (B er(R)()- 2 e X e(5)6)

9



We observe that

v 5 e(®)(0)-5e®) () Oz () ()

(d,2)=1

and, for « € {1,2}, we write

(2.31) () ()= 2 (s (5,

deZ b mod p dez

Poisson summation implies that

Zq)(aaQ(z;l—i-b))_Z/ (aa p§+b))e(_§k)d§

dez keZ
kX
" aa 2p Z/ ( oza;;) du
(252 X - kb kX
= — Ze()/ <I>(u)e< 2u> du
aa’p £~ D oo aa?p
X kb\ =~ [ kX
a2 (5)* o)
p vez p p
Multiplying equation (2.32) ( ) summing over b mod p, and switching the order of summation, we get
b (pd +0) ~( kX
® = d
br§1p< )¢§Z ( > aa’p I;angip< ) ( > <aa2p)
(2.33)

X ~( kX
= aa?p ZTk(p)(b (aa2p> :

k€L

Combining equations (2.27), (2.30) and (2.33), and using G(p) = %) Gar(p), we deduce

e () rens(2)

d€eZ keZ
(d,2)=1
Since Gi(p) = (%) /P, equation (2.28) follows from equations (2.29) and (2.34). O
Lemma 2.12. Let ® be a Schwartz function. For any a > 1, as X — oo, we have
(2.35) D (Xm) < X
meN
Proof. Since ® is Schwartz, as X — oo, we have ®(X) <« X~%*. We deduce that:
(2.36) YeXm) < Y (Xm) =X mr <X
meN meN meN

3. PROOF OF THEOREM 1.1

Proof of equation (1.3). We will prove the case of P, (y, X, c), and simply note that the case of P_(y, X, ¢)
is similar. For p # N, equation (2.11) implies

. . logX N -1 2w [yX 1P 1
(31) Xhm P+(y7Xa C) - Xhm Z |:(N> CcOoSs (N + N .
Ne[X,cX]

N prime
10




Witha=c—1and b=1 in (2.17), we have

log X 1
2 li — =0.
(3.2) im E N 0

Substituting equations (2.18) and (3.2) into equation (3.1) gives:

. . logX 2y X
(3.3) Xlgxlo P.(y,X,c)= Xlgr})o X E cos < N ) .
Ne[X,cX]
N prime

We relate the sum on the right hand side of equation (3.3) to an integral using the following equidistribution
argument. For each X, consider the set S = {N € [X,cX] : N prime}. If n = #S5, then, according to the
prime number theorem, we have

X X -1)X
(3.4) ne(—2 e DX
log(eX) logX log X
Consider the sequence T = (N,;/X)" , where N; € S for i € {1,...,n}. Any subinterval [a, 8] C (1,¢)
contains the following proportion of elements in T":
r(6X) — m(aX)  BX/log(8X) — aX/loglaX) S-o
n (c—1)X/log(X) c—1"

In other words, the sequence T' = (N;/X)"_; approaches equidistributed on (1,c¢). Using equations (3.3)
and (3.4), and applying equidistribution of the sequence T on (1, ¢), we conclude using Riemann sums that:

. oce—1 - 2ry X\ (¢ 27y
(3.5) XlgnooP+(y,X,c)legnoo - ZCOS( N >/1 cos (a:) dz.

. 1
n—00 =1

O

Remark 3.1. The discontinuity around y = 1 in the bottom image from Figure 1 is explained by the fact
that equation (3.1) requires p # N. In fact, when p = N, the quantity x([yX]?)/7(x) vanishes. This
discrepancy does not affect the limit.

Proof of equation (1.4). Recall that we assume the Riemann hypothesis. We will prove the case of ]5+ (y,X,0),
and simply note that the case of P_(y, X, ) is similar. Equation (2.11) implies that

~ log X N -1 2y X1P 1
. P (y,X,8) = - TR+ =

(35 =5 Y (B e (T ) 4 5

Ne[X,X+X7]

N prime

With a =1 and b = § in (2.17), we obtain

. log X 1
o1 m s L

Ne[X,X+X°]

Applying equations (2.18) and (3.7) to equation (3.6), we deduce

. = . IOgX 2y X
(3.8) Xlg{(l)OPq_(y,X, 5) _thgo? Z cos( N )
Ne[X,X+X°]
N prime

Now it follows from Lemma 2.9 that

. log X 2my X
(3.9) Xlgr(l)o 3 Z cos < N ) = cos(2my).
Ne[X,X+X9]
N prime
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4. PROOF OF THEOREM 1.2

For d € Z g, we define p(d) = p(|d]). Let G be as in Section 1 and note that d € G if and only if (d,2) =1
and p?(d) = 1. Subsequently, for y, d, and ® as in Theorem 1.2, we may rewrite equation (1.5) as follows:

(4.1) M X =g X% e () xw)vE

PEYX yX+X°] deZ
p prime (d;2)=1

According to [IK04, equation (1.33)], we have p?(d) = >a2ja #(a), and so:

a>0
(1.2 > i@ () wini= X (Su@)e () vl
(dl,iZe)Z:I (dfl2€)Z:1 agg

Since ® has compact support, we may define § = sup,cp{|z| : ®(x) > 0} < co. Combining equation (4.1)
and equation (4.2), for A € (0,+/BX], we may write Mo (y, X,d) = Mo a(y, X,0) + Ro,a(y, X,0), where:

(43) Maa(rX0)= e Y Y (Y )@(;‘ﬁ)m(p)m

PE[YX yX+X°] (ddQGZ L 0<2‘gA
- a

p prime

(4.4) Ran X0 =% X5 (Tu@)e () v

pelyX yX+X°] dEL  a*|d
p prime d2)=1 454

To complete the proof, we will show that R a(y, X,d) vanishes as X — oo, and use [S00, Lemma 2.6] in
the form of Lemma 2.11 to analyse the asymptotic behaviour of Mg 4(y, X, 9).

4.1. Analysis of Rg 4(y, X,0). Given d € Z, for any € > 0, we have

(4.5) D ula)| <Y 1< |

a?|d kld

a>A
Since the innermost sum in equation (4.4) is empty unless d = a?b where a > A, and ®(d/X) = 0 unless
|d| < X, switching the order of summation in equation (4.4) and applying equation (4.5) shows that

46 R X< Y S e()] X R

a€(ANB |b\<BX pelyX,yX+X7]
p prime

where the outer sums are over a,b € Z satisfying the specified bounds. Using Abel’s summation formula
([A76, Theorem 4.2]), we get

/ / yX+X6 yX+X° Pgal(t)
(4.7) Xsd(p Ygalt - / dt,
[yx,yx+x ] =X vX VX
p prime

where we set ¥(t) == > 3<p<t (%) For t € [yX,yX + X?], we have |1/v/%| < (yX)~ 2 and, by Lemma 2.10,

p prime

lr(t)] < (yX)z+e. Consequently, we see that |1sq(t)/VIX| < y* X 2. Taking the absolute value of both
sides of equation (4.7), and recalling 6 < 1, we deduce

(48) Z XSd(p) /% < y1+exé+e + yeXé—%+s < y1+EX%+€.
PEYX,yX+X°]
p prime
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Applying equation (4.8) to equation (4.6), we infer that:
+elog X 2p
Y og a
(4.9) [Bo,a(y, X, 0)| < “—r—5— o Y e (X) :
€(AVBX] b|< 25
Since ® is Schwartz, we have ®(a?b/X) < sup,cg ®(z) < 0o, and so
a®b 1 “da X
(4.10) > Z@(X)« o> 1kx > ESX/A ==
a€(A,VBX] b|< 25 a€(A,vBX] |b|< &% a€(A,\/BX)|

Combining equations (4.9) and (4.10), we conclude that
1+6X1+36—6 1+6X1+4e—6
Y
log X
) og X K P

In what follows, we will refine our choice of ¢ and A. These refinements are made not only to show that
Rg a(y, X, 6) vanishes in the limit, but moreover to find an asymptotic formula for Mg 4(y, X,0) in the

(4.11) |Ro.a(y, X,0)| < 2

sequel. Recall from the discussion above equation (4.3) that, by construction, we have A < X 2. For the
asymptotic formula, we will require the stronger assumption that A < X . Since § > 3 /4 is fixed, we may
choose 0 < € < (§ —3/4)/5 and A = X150 « Xi « X32. With these choices, equation (4.11) implies
that:

(4.12) |Ro, a(y, X,0)| < y' X ¢
Using equation (4.12), and the fact that Ms(y, X, ) = Ms a(y, X,0) + Rs,a(y, X, §), we obtain
(4.13) lim Ms(y, X,d) = lim Mg a(y, X,9).

X—o00 X—o00

4.2. Analysis of Mg a(y, X, ). Recalling that xsq(p) = (%) and applying Lemma 2.11, we deduce

(4.14) Mo a(y, X, 6) = 10;5( > % <16> W uég) 2 (V" (k> v (2]1)2(11) '

p p
PEYX,yX+X°] kez
p prime 0<a<A

2
Since the k = 0 term in equation (4.14) is identically zero, and (1?6) = (%) =1 for odd primes p, we have

log X pla B\ g (X
(4.15) Me.a(y, X, 0) = —5 > Z (-1)* <p)q)<2a2p)’
pe[yﬁﬁm " can1 U ket

for X sufficiently large (so that yX > 2). Since 0 < a < A < X2 < p, we have (a,2p) = 1 if and only if
(a,2) = 1. Therefore, for large X, we can switch the order of summation in equation (4.15) to get

1 w(a) . log X kN ~ [ kX
4.16 M. X,0)== 1 E — P .
( ) <I>7A(ya ) ) 2 ( %:_1 a2 ;Z( ) Xé S\ 2a2p
oA sty pe[y;(égi)rfnz)f ]

We handle the sum over non-zero integers k in equation (4.16) in two stages. In the first stage, we break it
into sums over k square (written k& = [0) and k non-square (written k # ). In the second stage, we show
that the sum over k # [0 exhibits cancellation, and consequently we identify the sum over k = [J as the main
contribution. To bound the sum over k # 0, we introduce € > 0 and break the sum further into sums over
k small (|k| < a2X) and k big (|k| > a®>X¢). The small k are handled by equation (4.18), which will be
deduced in the next paragraph, and the big k are handled by the rapid decay of 3.

Assume k # [, so that (E) is a non-principal character. Using Abel’s summation formula, we have

E k\ = (kX ~ (kX yX+X° yXH+X° 0 EX

. 2 ~ a0 -/ (‘D())w t)di

o PEYX yX+X°] (p) (2“27’) <2a2t> k()‘t=yX yX dt 202t k(1)
p prime

13



where we set Y5 (t) = > 3<p<t (%) as before. Since ® is bounded, applying Lemma 2.10 to equation (4.17),
p prime
for ¢ > 0 and a > 1, we deduce

(4.18) 3 (k> o (;ﬁ)) < (yX)ite (1 + /Ooo ‘5/@)‘ du) (k # 00).

p
PElyX yX+X°]
p prime

Now, summing over k # O with |k| < a?X¢, we observe:

log X kN ~ [ kX y2+t< a2 log X

k

(4.19) >R Y (B)e (e ) < St
e PP

On the other hand, summing over k # O with |k| > a?X< and a > 1, we obtain

)

(4.20) > (—Ukk);?(sx > (i);ﬁ(%) < ’5 (2;:&/)

keZ , pG[yX,yX+X5] keZ ,
|k|>a?X® p prime |k|>a?X¢
k0 k#0

where we use ’(—1)’C (%)‘ < 1 and apply Lemma 2.9. Since ® is Schwartz, and z — |z~ is even for all

&) <« 2/00 “ 7adu<<a2yO‘X6/(1_o‘)
2a?%y w2xe —1 \ 2a%y '

Combining equation (4.19) with equations (4.20) and (4.21), we deduce:

a > 1, we have

(4.21) >

keZ ,
k| >a2 X
k20

log X E\ ~ [ kX a2yzt€ log X e
—1)* Z 2, aye (1—a)
(4.22) E (-1) =3 E (p) P <2a2p) < o120 +a’y*X :
;:i% PElYX,yX+X°]
p prime

Summing equation (4.22) over odd a < A, we see that:

p(a) ) log X k\ ~ (kX y%""e/logX aye (1-a)
(4.23) > - S (-1 % > o) 2 aaz )| <A e HYX :

p
(a,2)=1 kel peEly X, yX+Xx°
0<a<A k#0 [ p prime :

Recall from the discussion preceding equation (4.12) that we have chosen A <« X I, Combining this bound
for A with equations (4.15) and (4.23), we conclude:

MoalyX.0) =5 3 Y My (kﬁ(;ﬁo)

p
clyX,yX+x?% 0<a<A kEZ
(424) P [yp pZI/‘il‘ﬂe ! (a,2)=1 k=0
1 ’
y2t¢ log X oy iid(1-a)
o (x& +y X -

Since § > 3/4, we may choose 0 < ¢ < §/2—3/8 and o > 1+ (4¢’)~1 > 1. With these choices, we see that
the error term in equation (4.24) vanishes in the limit as X — oo, and hence:

. . logX 1 u(a) e (kBN ~ (kX
(4.25) XlgnooM@’A(y’X’é)_leloo X9 Z 2 Z a? Z(_l) P ® 2a%p )’
pElyX,yX+Xx°]  0<a<A rek

p prime (a,2)=1
14



Considering the innermost sum in equation (4.25), we note that:

oo e ()a(E)- Sor ()e()- 5 ore(E)

m

k=0 (m,p)=1

Combining equations (4.25) and (4.26), we deduce

. log X 1 00 m2X

b X ST M S ().
pElyX,yX+Xx°] 0< SA :£
p prime (a,2)=1 (m,p)=1

To analyse the sum over m coprime to p in (4.27), we will eventually apply Poisson summation. Prior to
that, we will first quantify the error created when we extend the domain of summation to all m > 0. Since
{m e€N:(p,m) >1} = {pm : m € N} and ® is Schwartz, Lemma 2.12 implies that, for all x > 1, we have:

I S IC o NCIN

m=1 m=1
(p,m)>1

Since a < A < VX ~ +/p/y, we have pX/a? > yX. Combining these bounds with equation (4.28), we

deduce

(4.29) > “ Z (-1)"® (?jf;) <(x)™r > %<<(yX)_“

0<a<A m=1 0<a<A
(a,2)=1 (pym)>1 (a,2)=1

Equation (4.29) implies that

pla) me [(M2X > m2X .
(4.30) § 3 § (-1)™d 52 § § 202 +0 ((yX)™").
0<a<A m=1 p 0<a<A =1
(a,2)=1 (m,p)=1 (a,2)=1

Applying equation (4.30) to equation (4.26) and combining the result with (4.25), we deduce:
e (5s)
5 |-
= 2a4p
To analyse the inner sum on the right hand side of equation (4.31), we observe that

(4.32) i (;f;) = % S (-)md (7;:2);) - %5(0).

m=1 mEZ

. . logX
80 Jim Maan X = g S

M

pElyX,yX+Xx°] 0<a<A
p prime (a,2)=1

Poisson summation implies that

S (5) - S ()

meZ meZ

-2 (5

> >cos (mu) e(—uv)du
\/% > / ) cos <mua ) <—wav\/§> dw

vEZ
2 ~ Sl
:a1/§<Ha(0)+2;Ha <av )),

(4.33)

=[S

altS



where H,(w) := ®(w?) cos(rwa\/2p/X). For the final equality in equation (4.33), we use the fact that H
is even. To proceed, let H(w) := ®(w?) and Cy(w) = cos(mwar/2p/X) so H,(w) = H(w)Cq(w). Since the

Fourier transform of a product is the convolution of the Fourier transforms, we have:

Ho(w) = (H x Cy)(w)

1 (% -~ D p
L5 | P 7 | P

Since H is even, equation (4.34) implies:

0)+2> H, <am/> :H(a ) +
ot X 2X ~

v=1
(v,2)=

Substituting (4.35) into equation (4.33), we get:

(4.36) do(-)me (?jj}f) =2a %p i ﬁ(av 2@()

mEeZ

(4.34)

(4.35)

Combining equations (4.32) and (4.36), we deduce:

o

(4.37) 1(—1)'”513 (21;);) =—%3>(0)+a % i fl(av 2{;{)

m=

Noting that

p 1 8
0<a)<14% p>2
(a,2

as X — oo (hence A = X459 3 o0), equation (4 37) implies:

(439) 2 ﬂ;g) i(—l)m‘f (?a);) \/% > ua Ool_ H (av\/g) +o(1).

0<a<A m=1 0<a<A
(a,2)=1 (a,2)=1

l‘°H

Since H is Schwartz, the double sum in the right hand side of equation (4.39) converges, and we conclude
that the sum on the left hand side converges to a smooth function of p/X ~ y as X — oo (hence A =
X150 3 50). Noting the appearance of this sum in equation (4.31), we may apply Lemma 2.9 to deduce:

. 1 «— a) ma [ m?
@ X =5 5 DS (55).

a=1 m=1
(a,2)=1

Combining equations (4.13) and (4.40), we conclude the proof of Theorem 1.2.

5. 1-LEVEL DENSITY

In [C23, Section 4], murmurations of Kronecker symbols are considered from the perspective of L-function
zeros via the explicit formula. Furthermore, Rubinstein—Sarnak observed that the murmuration density for
Kronecker symbols in Theorem 1.2, when properly normalized, interpolates the transition in the 1-level
densities for a symplectic family of L-functions [S23ii]. We recover the observation of Rubinstein—Sarnak in
Corollary 1.3, in which the left (resp. right) limit corresponds to the case that p = yX is much smaller (resp.
larger) than X.

16



Proof of Corollary 1.3. We maintain the notation from Corollary 1.3. Combining equations (1.6) and (4.39)
with y = p/X, we observe that

(a,2)=1 (v, 2) 1
(5.1)
2 - U na) | 5 y
- 230)+,/Y a(n /Y
2 (0)+ 2 ; | a 2
(n,2)=1 \(a,2)=1

For even n, define b,, = 0, and, for odd n, define

(5.2)

(]

aln
(a,2)=1

In particular, we have b; = 1. Since, for p prime and m > 1, we have u(p™) = 0, we observe that, for k > 1,

0 — 9,
(5.3) by = { P
1—-= p>2
P
If B(s) =Y 2, byn™*, then equation (5.3) implies that, for Re(s) > 1,
c- (1-1/p)p~° L—pt
B(s) = H<1—|—<1—>Zp ) H<1+ —ps :Hil_p—s
(5.4) p>2 1 p>2 p>2
-2 ()

T 121 ((s+1)
Equation (5.4) implies that B(s) has meromorphic continuation to Re(s) > 0 with a simple pole at s = 1

and

1—275  ((s) 2 1 4

> Resa Bs) =l ~ D35 1) ~50) ~

Consequently, we observe that the following function is meromorphic on Re(s) > 0 with a simple pole at
s=1:

(5.6) / (Zanm) / (anSA )US(ZL:B(S)/OOOI/;<u)udu

Furthermore, equation (5.5) implies that:

(5.7) Ress_l( / H(u ) 7Tz/ H(u 2H(0):%%(0),

where We have used Fourier inversion, and the facts that H is even and H(0) = ®(0). We observe that, for
n € (0,1) and 1 —n < Re(s) < 1+, the Riemann hypothesis implies that, for all e > 0, we have

1—-27%  ((s) ‘ ‘
1—2-5"1((s+1) C(s+1)

as |s| — oo (see [T87, Theorem 14.2]). Likewise, for 1 —n < Re(s) < 1+ n and r € Z>1, we may apply

(5.8) 1B(s)| = \

‘ < s,

applying integration by parts r times, and note that H®™ is a bounded function of rapid decay, to deduce:

—1) RPN
4= ’(S/ H" (u q+r ‘ < \s|"“/ ‘H(r)(u)‘ur+"du < [s|7T,
17
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s |s|] = oo. Therefore we may apply Mellin inversion, the residue theorem, and equation (5.7) to equa-
tion (5.6) to obtain

(5.10) i ~ Res,— 1( / Huwu 733 ) _ 23)2(2)

as z — 07. Combining equations (5.2) and (5.10), we deduce that

(5.11) \/g Z:l 3 @ ﬁ(n Z>N yﬂz‘fﬂ—;i(o)

(n,2)=1 (a,2)=1

as y — 07. Combining equation (5.1) with equation (5.11), we conclude that
2 ~ 2 ~
12 lim M. H=—— —®(0) =
(5.12) Jim, Mo (y,0) = =5 (0) + 5 2(0)

For the limit as y — 0o, we again use equation (4.39) with p/X = y, and note that, since His Schwartz, for
all @ > 1, Lemma 2.12 implies that

00 (a 00 00 \/@ Y —a L 00 1 L

5.13 = -— = = — =

( ) 2:21 a ’UZ:l (\/7&’11) < a1 a (\/ga) <y Z qot1 <y
,2)=1 =

(a,2) 1 (G,Q):l
Combining equations (5.1) and (5.13) we conclude that

(5.14) lim Mg (y,d) = lim % (‘4‘1’2(0) +0 (y)> — _25(0).

6. SUPPLEMENTARY RESULTS
6.1. Including composite conductors in Theorem 1.1.

6.1.1. Preliminaries. Note that by [IK04, equation (3.7)], the set D4 (V) is empty if and only if N = 2 mod 4.
For 6 € (0,1), y € R>o, and ¢ € Rs 1, we will analyse functions connected to the following:

(6.1) Gixg-y Y ¥ MR

Ne[X,cX] x€D+(N) )
N#2 mod 4

(6.2) Gwxs =4 Y ¥ M

NE[X,X+X°%] x€D+(N)
N#2 mod 4

X)

For an integer N > 1 and a prime number p coprime to N, Lemma 2.5 implies:

(63 > o) =1+ omeos (57)).
x mod N
x#x0, x(—1)=1
(6.4 > o) = is)sin (52)).
RE .

We introduce the sets

(6.5) Z4(N) = {x mod N : x imprimitive, x # xo, x(—1) = £1},
18



so that equations (6.3) and (6.4) may be rewritten as follows:

(6.6 > o) =1+ oo (F) - X ru)
XED4(N) XEZ4(N)
- . . [ 27p -
(6.7 > o) = iosin (FF) - X o
XED_(N) X€Z-(N)
Applying equation (2.13) to equations (6.6) and (6.7), we deduce
(P 1 o) 2mp 1 _
(6.8) e e (),
epron T NN < N ) N xezz;(zv)
(6.9) Z X((Q = _Z?\(] ) sin <217\r]p) +% Z T(X)x(p)-
XED_(N) XET_(N)

In order to recreate the proof of Theorem 1.1 for composite conductors, equations (6.8) and (6.9) suggest
that we need to analyse sums of imprimitive characters. The following lemma will be useful for that purpose.

Lemma 6.1. If an imprimitive character xy mod N is induced by the primitive character x; mod Nj, then,
we have

_ N N _
(6.10) w0 =n (3 ) (5 )6 .
where p(n) is the Mobius function as before.
Proof. [IK04, Lemma 3.1]. O
Inspired by equations (6.8) and (6.9), we introduce the following functions:
1
NE[X,cX] Ii N)
N3é2 mod 4
~ 1
Ne[X,X+X?) Ij:(N)
N#2 mod 4

One sees that it is natural to investigate:

(613) T:I:(y7XaC) :Q:t(anac):tE:t(y7X7C)v

(6.14) Ty (y, X,0) = Q+(y, X, 6) + E+(y, X, ).

Remark 6.2. Figure 6 (resp. Figure 7) suggest that [T (y, X, c)| and |Q=(y, X, ¢)| (resp. |Ti(y, X, c)|
and |Q(y, X, 0)|) are significantly larger than |EL(y, X, )| (resp. |E+(y, X,8)|). Since there is a canonical
bijection between Dirichlet characters mod N and primitive Dirichlet characters with conductor dividing IV,
E4(y, X,0) (resp. E+(y, X,5)) reduces to a sum over primitive characters with conductor dividing N. Using
Lemma 6.1, we see that this introduces a Mobius factor. Consequently, we expect that this term is smaller
due to additional cancellation.

Another complexity arising from equations (6.8) and (6.9) is the need to understand murmuration-type
limits for ¢(N)/N, for which the following lemma will be useful.

Lemma 6.3. If a € Ry and b € (0,1], then

: 1 #(N) 5
(6.15) moom X Tyt
NE[X,X+aX?)
N#2 mod 4

19



Proof. Tt is known that

¢(N) 6 2/3 4/3
(6.16) > B = 5X+0 ((logX) (log log X) ) ,
O<N<X
NezZ

from which it follows that

1 S(N) 6
(6.17) e ) Ncm

0<N<X
NeZ

1 d2N+1) 8
.1 1 = —_— = —.
(6.18) e ) SNaT C
N<X
N€Z
Using equation (6.18) and the identity ¢5(4N +2)=¢(2N + 1), we compute'
1 O(N) PAN+2) 1 PRN+1) 1
1 lim — lim = ==.
619 Jm % > Ty X—>oo4X Z AN 12 8X—>ooX 2 aNaT T
0<N<X N<X <N<X
N=2mod 4 NGZ NGZ

Subtracting equation (6.19) from equation (6. 17) and noting the error term in equation (6.16), we conclude

: #(N) _ 5
o0 mi oy Mol
0<N<X
N#2 mod 4
Equation (6.20) implies that
o) 5
(6.21) >SS Y %
O<N<X O<N<X
N#2 mod 4 NEeZ
from which equation (6.15) follows. O

6.1.2. Geometric Intervals. In this subsection, we will prove the following theorem, which is visualised in
Figure 6.

Theorem 6.4. If c € Ry; and y € Ry, then
¥) du if +,

xr
X o0 = fl 51n( ) x, if —.

Proof. We will prove the case of T\ (y, X, ¢), and simply note that T_(y, X, ¢) is similar. Applying equa-
tions (2.17), (6.1), and (6.11) to equation (6.8), we deduce

. L 1 d(N) 2ryX .
XlgnooTJr(anva) _Xllm B Z COS ( _XlgnooEJr(an75>

(6.22) lim Ty (y, X,c) = {7?2 Ji cos (55

Soo N
Ne[X,eX]
N#2 mod 4
(6.23) 1 i ) e

T Y Y

-gm Y ¥ O () - m B
i=1 Nel,;

N;‘é2mod4

where, for each X, we put n = {\/)7(—‘ and, for i € {1,...,n}, we write

4 .
(6.24) I = [X e )X, X+ e 1)X> .
n n
Fix v € (0,1] and, for each X, choose i = [yn] € {1,...,n}. We have
S N
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Local average of \(p)/Gi(x) over 230770 even and 200750 odd Dirichlet characters with conductor in [1024, 2045)

FIGURE 6. Plot of Ti(y, 1024, 2) for 0 < y < 10 with + in blue and (the imaginary part of) —
in red. We also show 2 [ cos (22£) da in green and — 2 [Zsin (224) da in orange.

For N € I;, equation (6.25) implies that

1 X X X 1
6.26) —— = i < lim < li .
(6.26) 1+v(c—1) Xg%oX—‘ri(C—l)X/n_XL)ooN XglclaoX—&-(z—l)(c—l)X/n 14+~v(c—1)

Combining equations (6.13), (6.23), and (6.26), we deduce

. 2m 1 o(N
(627)  Jim Ty(y,X,0) = X%szco§<lﬂ(cy_1)>( L 5 (T)

Using Lemma 6.3 and equation (6.27), we are led to

—1<&5 2my
2 1 T X, — _— .
(6.28) im_ 4 (y, X,0) = i —~ Z — Cos (1 i 1)/n)

i=1
Now equation (6.22) follows upon recognising equation (6.28) as a Riemann sum. O

6.1.3. Short intervals. We first prove the following theorem, which is visualised in Figure 7.

Theorem 6.5. If § € (0,1) and y € R, then

N 55 cos(27y) if +
6.29 lim Ty(y, X,6) =<7 7 |
(6.29) Jim +(y ) {_@:2 sin(2my), if —.

Proof. We will prove the case of T; (y, X, d) and simply note that T (y, X, 0) is similar. Mimicking the proof
of equation (1.4) leads to

- L cos(2my) BV)
(6:30) Jn Ty X.0) = Jim = DL Ty
Ne[X,X+X5)
N=#2 mod 4
In light of equation (6.30), the result follows from Lemma 6.3. O

We next obtain an extension of equation (1.4) by considering a set of special conductors specified as
follows. Let S denote the set of positive integers that are not congruent to 2 mod 4 and are either prime or
squarefull’. By equation (6.10), this is precisely the set S of integers such that, if N € S, then

(6.31) S @) =0, (NeS).

ZL(N)

1A positive integer is squarefull if all its prime factors exponents are at least 2.
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Local average of \(p} /(1) over 17202 even and 17295 odd Dirichlet chararacters with conductor in [2002, 2048)

Y

FIGURE 7. Plot of Ti(y,200270.51) for 0 <y < 2 with + in blue and (imaginary part of) —

in red. We also show %cos(Qﬂ'y) in green and %sin(%ry) in orange.

Using equations (2.17) and (6.31), we deduce that, for N € S, equation (6.8) reduces to

x(p) _ oN) (27
(6.32) XGD%:(N) (x) N COs< N >7 (N €58).
Now define
(6.33) 10 = Z @’
N<X
NES
and consider
o x(vx7)
(6.34) Ol X0 = F X — 7% Ne[;§+xs]xez§zv> )
NeS

This leads to the following corollary.

Corollary 6.6. Under the Riemann hypothesis, if § € (%, 1) and y € Ryq, then

o cos(2my) if +
. 1 S ,X’ J) = ’ ;
(6.35) Jim Q=(y ) {—z‘sin(%y% if —

Proof. We prove the case of @f’; (y, X,9) and simply note that @*ﬁ(y, X, 0) is similar. Using equation (6.32)
and mimicking the proof of equation (1.4) yields

o | cos(2my) H(N)
6.36 lim Q% (y, X,0) = lim =
( ) X —o0 +( ) X —o0 f(X + Xé) — f(X) Ne[Xz,Y:+X5] N
Nes
from which the result follows by equation (6.33). O
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6.2. Zubrilina density for (i) Using the techniques from Section 4, we may investigate the following
variation of equation (1.5). Assuming that yX > 2, we have:

log X d d
M oy, X,0) = X146 Z Z P <X> xa(p) + Z P <X> X4a(p) | /P
(6.37) qyfpﬁfﬁz)ﬁ] d=1'mod 4 d=5 o 4

- X Ye(g)(5)w

PElyX yX+X°]d€G
p prime

We note that M;r)(y,X, ) involves (4), whereas Mg (y, X,0) involves (Q). For plots of the function
M‘; (y, X,0), see Figure 8. In this section, we calculate the following limit which yields Zubrilina density

Weighted average value of Kronecker symbeol (d/p)y

285 < |d] < 1048576, d odd, square free

FIGURE 8. Let

Py (z) = 1(1,2)(@“1’(%)7 ¢_(z) = 1(72,71)($)exp(m)~
We plot M})i (y,219,2/3) for y € [0,2] with + in blue (resp. — in red), and the right hand side
of equation (6.38) in green (resp. orange).

associated to M:IL (y,X,9):

Corollary 6.7. Fix y € Ryg. If § € (%, 1) and ® > 0 is a smooth Schwartz function with compact support,
then, assuming the Generalized Riemann hypothesis, we have

1 a ~ ('m?
I — T . p(a) m-
(6.38) Mg (y,9) = lim M} Y, X,90) 2 El P> mE 1<I>< 2y>'

Proof. Applying Lemma 2.11 to equation (6.37), we get

log X w(a) k(2K & (kX
(6.39) M} 4(y, X, 6) = X5 > > 202 > (1) P @ 2a%p )’
pelyX, yX—i—X ] 0<a<A kEZ
p prime (a,2p)=1

Following the argument in Section 4.2, we observe that terms corresponding to 2k # [ vanish in equa-
tion (6.39). On the other hand, if 2k = [, then writing k& = 2m? yields

oo T (E)e()- Sor (3)5()- £ o)

2k=0 (2m,p)=1
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Comparing equation (6.40) with equation (4.25), we notice the following simplification to what remains of
the argument from Section 4.2. Namely, we do not need to introduce H,(w) since (—1)™ is missing in the
final expression of equation (6.40). In fact, it is enough to use H(w) = ;I;(wQ) With this modification, we
finish the proof by mimicking Section 4.2. |

Unfolding the function ®, we may recover the analogue of equation (1.9) for M;)(y, X, 6). Subsequently,
one may compute the Zubrilina density for the family {(4) :deg } Following the proof in Section 5, we
also obtain the following analogue of Corollary 1.3.

Corollary 6.8. Let ® be a Schwartz function with compact support and let § € (%, 1). Assuming the
Generalized Riemann hypothesis, we have

Y— 00

(6.41) lim M} (y,6) =0, and lim M} (y,6) = ——=®(0),
y—0t s

where M] (y,0) is defined in (6.38).

Proof. Recall from the proof of Corollary 6.7 that, when modifying the argument from Section 4.2, we do
not need to introduce H,(w). In particular, we see that the equation corresponding to equation (5.1) is
given by

(6.42) M(.5) = 580 + LS| S M ).
n=1 aln
(a,2)=1

For all n € Z>1, set

b= > %‘1)

aln
(a,2)=1

In particular, we have b;k = 1. We also set Bf(s) = 307 bin~*, so that Res,_1Bf(s) = 8/7%. Using the
same argument as in Section 5, we find:

(6.43) IS | S 2 g ~ LD - 2 a0,

‘ 2 w2y w2
(a,2)=1
and we deduce the limit as y — 07. The limit as y — oo follows from Lemma 2.12 as before. |
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